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Abstract. Within the framework of hierarchical clustering scesidered three tools to measure its properties. First, one can study
narios, we investigate the consequences for the propertiegsh&f mass function of halos defined for instance by a given den-
virialized halos of the constraints provided by numerical simgity threshold. This is the goal of the popular Press-Schechter
lations on the first few correlation functions. Thus, we show thapproximation (Press & Schechter 1974). Note however that
the density fieldcannot be described by a collection of smootthis analytical approach is restricted to only one value of the
haloswith a universal density profile. Thisimplies that substrudensity contrast threshold\( ~ 177). Second, one can con-
tures within larger objects play an important role (but a meaider the density profile of individual objects. This is mainly
spherically averaged density profile may exist). In particulardone through numerical simulations (e.g. Navarro et al.1996;
possible interpretation is that collapsed objects can be dividBafmen et al.1997). Third, one can measure the many-body
into an infinite hierarchy of smaller objects with increasinglgorrelation functions. These are closely related to the counts-
large densities (these substructures might also be continuoustgells: the universe (or the simulation box) is divided into cells
destroyed and created by the long-range action of gravity). Bf-a given size and one considers the probability distribution of
nally, we present multifractal models (restricted to non-lineéine density contrast realized in such a cell. This can be stud-
scales) which can describe in a natural way such non-linear dextt through numerical simulations (e.g. Colombi et al.1997;
sity fields with increasingly large fluctuations at smaller scalégalageas et al.1999a) and analytical works based on specific
We relate their propertiesto the correlation functions and pressngling models (Balian & Schaeffer 1989a).
a few constraints they are expected to satisfy, using theoretical While the first two properties are directly linked to the char-
considerations as well as constraints from numerical simukcteristics of the astrophysical objects we observe the third has
tions. Thus, the simplest realistic model is thifractal model the advantage to be better defined (it bypasses the problem of
described in Balian & Schaeffer (1989a). Moreover, we shaive recognition of individual halos) and to contain much more
that it should provide (at least) a very good approximation afformation. In particular, it should be possible to obtain the
the multifractal properties of the actual non-linear density fieldroperties of individual halos from the correlation functions.
hence of the probability distribution of the density contrast. THeor instance, the mass functions of objects definedarpous
implications of this model (e.g. for galaxies) are detailed in othdensity thresholds (not necessarily constant) obtained from the
studies. scaling model developped by Balian & Schaeffer (1989a) for the
correlation functions were considered in Valageas & Schaeffer
Key words: cosmology: large-scale structure of Universe 1997) and Valageas et al.(1999a).
galaxies: clusters: general In this article, we investigate the general link between the
behaviour of the correlation functions and the shape of collapsed
halos. First, in Sedt]2 we introduce our notations. We relate the
correlation functions to the moments of the density probability
distribution and we note a few exact properties. In $éct. 3 we

In the standard cosmological scenario the non-linear gravifgcall the constraints on the first few correlation functions pro-
tional structures we observe in the present universe have fornyided by numerical simulations. Then, in Sgét. 4 and $éct. 5 we
by the amplification of small primordial density fluctuationsshow that the density fieldannotbe described as a collection
Moreover, according to hierarchical models the power increagéssmoothhalos with a universal profile. This points out the
at small scales so that low masses collapse first to build snigie of substructures, as discussed in $éct. 6. Finally, in[Sect. 7
virialized objects which will later merge to form broader halowe present multifractal models which provide a natural tool to
as larger scales turn non-linear. The objects built by this contirfigscribe a density field with increasingly large density fluctu-
ous process produce the galaxies and clusters we observe to@ggps at smaller scales. We discuss their link with correlation
Thus, the description of the non-linear evolution of the densitynctions and we obtain some constraints from theoretical con-
field is an important task in cosmology. Most works have cofiderations as well as from numerical simulations. In particular,

1. Introduction
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we show that a bifractal model should provide (at least) a vefyen, from[[®) and the definition of correlation functions (Pee-

good approximation for the non-linear density field.

2. Scaling exponents

bles 1980) we have:
o) =Y ai, & (D& ()

i1,mrip

peIN* ; (11)

A convenient description of the density field is provided by thehere the sum runs over the integérs< i; < ... < i, with
probability distributionP;(p;) dp, of the local mean overdensityi; +...+i, = p,the coefficients,, .. ; arepositiveand; 1=

over spheres of radidsand volumel/;. Here we defined:

() = '”fo) = (14 8)(x) 1)
and

37,/
) = | dvl 5y >0 @)

Since usual probability distributions can be defined by the

moments one is led to consider the parametg($) given by:

peR () ={p") ®3)

/0 a7 57 Pi(p)

where() denotes an average over the positioof the sphere.

pe=14+¢
where we note, asé. As a consequence, in the non-linear
regime we obtain froni{4) an@{lL1):

Hp

(12)

peN, £ = oo : —1 (13)

p
(Rf course this also implies that the density field is strongly non-
gaussian in the non-linear regime. We are interested in the case
of a critical universe with an initial power-spectrum which is a
power-law: P(k) o k™. Then, it is natural to expect a power-
law behaviour for the various quantiti€s(l) andy, (1) in the
non-linear regime >> 1 (i.e. at small scales). Note indeed that
numerical simulations show a power-law behaviourd¢dain

Of course, if all momentg,, (p € IR) are finite their values for o 5 1995 Colombi et al. 1996; Valageas et al.1999a). Thus, we
p € IN (or —p € IN) are sufficient to define the density f'elddefine the limits:

Hence all parameteys, (p € IR) can be obtained from the sole

pp realized forp € IN (or —p € IN). From the definition[(3)
one can easily show that:

p<p,qg>0 : Hp+q Sﬂp”rq 4)
Hp Hp
In particular, we obtain:
peER : Hpil o Hp (5)
Hp Hp—1
Sincep; = 1 we have for positive integers:
peN” : %Zﬂz and g, > bt (6)
P

We also obtain, using, = 1 (and the fact thafl + ) and
(1+ )1 are not proportional),

H—p

peIN* : A1) > >p_1>1 (7)
H—p H—(p—1)

hence:

peIN* : pp,>pty (8)

From the definition[(B) we can also write:

v

which emphasizes that these moments are related to-theint
correlation functionsg,,. We define:

J,

3 3
d>ry..d°rp _

7 p<r1>...ﬁ<rp>> ©)

p € IN* pp(l) =

d3ry..d3r _ -
L &) - G =6 =1 (10)
l

_ L Inp(D)
pER =i T o
From [13) this means that for integersve have:
pelN: ()~17 for 10 (15)

where we ignore logarithmic corrections. Frdrh (5) dnd (7) we
obtain:

PER : { Yp+1 — Vp = Vp — Vp—1 (16)
Y=(p+1) = V=p = V—p ~ V=(p—1)
In particular, we have:
= = 0 R (= ]N : p 17
Yo =" p {7p2p71 17)

Moreover, sincg = (1 + J) is a positive quantity®p;(r) is a
non-decreasing function éffor any pointr. This implies that
for anyp > 0 the averagé®”(5,”) is a non-decreasing function
of [, so we get:

lim v
p—0o0 p

p>0: 3p—v>0 hence <3 (18)

Note that all the results obtained above are only due to the fact
thatp > 0. To obtain the probability distributioR; (p) dp of the
overdensity at scaldt is convenient to introduce the quantities:

. A0 _
peIN* . Sp(l) = E(lgp—l , Si1=1 (29)
and to define the function:
©  1\p—1
o) =S EV gy (20)
=1 P
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Then, one can show (White 1979; Balian & Schaeffer 1989 (1996) found a very small driff, oc € **** " forp < 5

that: while Munshi et al.(1999) obtained no scale dependence for
+ioo gy _ p < 6. Thus, numerical simulations provide the conservative
P(p) = / i elPy—e1(w))/¢ (21) constraint;

) ) ) . C2: 0<(<0045(p—2)y for3<p<5
The interest of the functiop;(y) is that it shows a very small

(if any) dependence on scdl@ the non-linear regime, so thatHenceZ the first_sgaling exponenjisare very close to the stable
the evolution withl of the probability distributiorP, () is given clustering predictiony;:

by the sole two-point correlation functign This was shown in Yp — V5° p—2

the non-linear regime from numerical simulations by Colomgi<? <5 : 0< T < 0.045 b1 (27)
etal.(1992, 1994, 1995, 1997), Munshi et al.(1999) or Valageas p

et al.(1999a) for instance. Note that this property also holgéth p>1: 4 =(p—1)y (28)

in the quasi-linear regime (Bernardeau 1994a), with a differeo e js given by C1. The resultsC1 and C2 provided
functionyy(y). In the regime > 1 which we consider in this ,, ;merical simulations are certainly robust. Indeed, they
article, we have froni(19) anfL(17) for> 3: are derived (among other methods) from the counts in cells
1=0: S,()~1"% | G=vp—(p—1)r> (22 which are a very well defined procedure. By contrast, we
B think that the properties of dense halos seen in numerical
Thus,the coefficientss, are constant or increase with (ne- simulations may be more uncertain since it is not always
glecting logarithmic corrections). We recall in appendix the beasy to identify these objects which may not be spherical.
haviour of P,(5) and the momentg,, implied by simple forms However, many numerical studies have considered the density
of ¢i(y). Note that one may also define from the moments profile of virialized halos. In particular, Navarro et al.(1996,

the generating function: 1997) found that the spherically averaged density profile
o follows a universal behaviour, independent of time and of the
Wi(y) = Z (=1)” 11 (1) P (23) initial power-spectrum (although the numerical parameters
' s p! which enter this average profile depend on the indet the
) power-spectrum its shape does not depend ) hus, many
which leads to: studies (e.g. about galaxy formation processes) assume that:
+io0
P(p) = / 2731 eV 1hi(y) (24) H1: the density field can be described as a collection
e of spherical halos with a smooth density profile given by a
and.: universal law
hily) =e e e (25) We note that this simple (and convenient) picture neglects
Developping [(25) iny one can obtain the coefficients, ., substructures within large halos. Th#}1 is more restrictive
defined in[(11L). than the assumption of a spherically averaged universal profile

which removes substructures by definition. However, the valid-
ity (or non-validity) of H1 will provide some information on
the importance of substructures. We note that numerical simu-

The behaviour of the two-point correlation functigrand of lations often suffer from the overmerging problem: due to poor
the first coefficientss, with p < 6 has been studied by manyresolution small objects often get disrupted within large halos.
numerical works in the non-linear regime. Thus, the slgpe Nevertheless, some simulations with a high resolution show sig-
(usually notedy) of ¢ is consistent with the prediction of thenificant substructures (Moore et al.1998; Ghigna et al.1998). In

stable-clustering ansatz (Davis & Peebles 1977; Peebles 1980g:next sections, we shall check whether the descrifibris
consistent with the constrain€1 andC2.
3(3+n)

S+n 4. Single power-law profile

where . is the slope of the initial power-spectrum (Jain E‘\}Ve first consider the simplest case where the density field can be

al.1995; Colombl_et al.1996; \_/alageag et a|.1§_)99a). Moreovgéscribed as acollection of spherical halos with a smooth power-
the stable-clustering assumption predicts that in the highly nqn-

. . . : . . law density profile and a fixed overdensity + A.) at their
:lr:]gegvfgmeth@—pomt correlation functions satisfy the scal radiusR (e.g.A. ~ 200 from the spherical collapse model).

We note the multiplicity function of virialized halos of mass

&p(Ary, ..., Arpsa) = 3= (1) ép(rl, s Tp) (26) M, volumeV (M), asn(M)d—Afy while the local overdensity at
distancer from the center of a halo of radiug is:

wherea(t) is the scale-factor, which means thigt = 0 and -8

the coefficientsS, do not depend on the scaleColombi et An(r) = (14 Ac) (ﬁ> (29)

3. Constraints

C1 : v =
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where0 < § < 3 is the slope of the density profile. The maseecessarily linear i/). This ensures that,(!) is finite for

function satisfies: anyp > 2 for a finitel > 0. On the other hand, the overdensity
< Af M within cells which contribute tol, (1) is smaller thar{l + A.)
%H(JW)W =1 (30) (which is realized when the whole cell is covered by small ha-
0

los) which means that,(!) has a finite limit forl — 0. Thus,
which states that the fraction of matter enclosed in these halas obtain:

is unity. It could be smaller if one adds for instance a uniform _ 0 13-pB

component. However, this would not change our results sifee 2 pp(l) ~ 7+ (36)
they only rely on the fact that the integrallin{30) is finite and thig this density field is consistent wit€'1 then:
low density component only contributes by a constant amount

to the momentgy, (p > 2) which tend to infinity whenl — g — 3+7 _3(n+4)

0. We want to obtain the exponenis for p > 2 realized in 2 n+5

such a density field, to compare them with the constraifits as was obtained by McClelland & Silk (1977), and moreover
and C2. Thus, for the sake of clarity we shall not consider 3~

the normalization factors which enter our calculations sincewe>2 : v, =p8-3 , (G=((@—2) —5— (38)

only need the exponents of the various power-laws of interest. To ] ]
obtain the behaviour of, we must separate large hald & 1;  1hus, the exponents violate the constrain€2 for any power-
one cell is within one such halo) from small halds & I: one SPectrum of interest3 < n < 1. This shows that the model

@37

cell may contain several whole halos). Thus, we write: considered in this section cannot provide an accurate description
of the actual density field. Moreover, we note that the slGpe
pp(l) ~ A1 (1) + A2(1) (31) neededtoreproduce the two-point correlation funcfisrmuch

larger than the density profile observed in numerical simulations

whereA; is the contribution of cells which are enclosed Withirzﬁ _ 1in Navarro et al. 19973 — 1.4 in Moore et al.1998)

a massive haloR > 1) while A, is the contribution of cells
which contain zero, one or several small objects. Note that for

R ~ [ our distinction is not adequate but we will not conside?- Mass-dependent profile
in detail such intermediate regimes which do not influence thyg;,

g ) ' ile the density profile of the halos considered in the previous
power-law behaviours we are interested in. Then,

section was given by a unique power-law for all objects, many

00 dM . authors have found that small objects are denser than larger
Aq (1) ~ /R_ZU(M)WV(M)@ )M (32)  ones. Thus, Navarro et al.(1996) obtain:
_ . . )
where(s ?); s is the mean overdensity to the poweseen by 5, (r) = ¢ (39)
a celll which intersects a hald!/. Thus, (r/Rs)(1+r/Rs)?
R with

(B ~ / s + S PP (3 a0 ?

B 3 i ‘ (40)

3 In(l+¢)—c/(1+4¢)

which leads to: whereR; = R/c is a characteristic radiug (> 1) and small

~ 1\ 3PP objects are more centrally concentrated: they have a higiret
PP~ (1 +A)P [1+ <R) ] (34) 5,.The sametrend is seen (Tormen etal.1997) using a Hernquist
profile (Hernquist 1990):
As explained above, here the factbistands for a numerical 5.

constant. Thus, we have: (41)

> dM M
A~ M)————(1+ AP
! /R:l”( )3 T+ A5 )

pn(r) = (r/Ry)(1 +1/R,)3

1+ <l>3 M| Thus, these objects have a mean overder$ity §) ~ . over

R the radiusR and(1 + 6) ~ 200 over R. Navarro et al.(1996)
o have found that the characteristic overdensity of these halos is
Considering separately the caggs pj) < 0and(3—pf5) >0, proportional to the mean density of the universe atthe epoch they
and usind(30), we can pushthe lower bound of the integral dowR - tormed (which we note by the redshif: 5. o (1+2f)°.
t0 0 and we obtain: This redshiftz; increases for smaller halos which formed when
10  A(l)~10+3P8 (35 the corresponding scale/ became non-linear. Indeed, using

the extended Press-Schechter model (Press & Schechter 1974)

Here, we also assumed thgt” M 'y (M )dM /M converges developped by Lacey & Cole (1993, 1994), one obtains good
for anya > 0. This means that the multiplicity function hasresults by setting:
an “exponential” cutoff at larges masses which is consistent
with numerical results and observations of the galaxy luminog. ( 1.69 z; (M) ) _1 (42)
ity function (of course the argument of the exponential is not ~\ \/2(02(M/2) — o2(M))

2



P. Valageas: Non-linear gravitational clustering 761

where as usuab?(M) is the variance of the density fluctu-(it only ensures thalz, contains a finite fraction of the mass
ations at scalé\/ in the present universe given by the lineaand that\/ « R?). Since small halos may provide a significant
theory (Lacey & Cole 1994). Note however that Navarro ebntribution to the momenys, (contrary to the case considered
al.(1996,1997) get better results by using a small mass fratthe previous section) because of their higher density, we must
tion f = 0.01 rather thanf = 1/2 in @2). For small masses, detail the behaviour of the multiplicity function in the low mass
this leads to: limit. Thus we write:

—(n+3)/6 ) 01
M < M, : (1+zf)Na(M):(]\]‘j> @43 M <M. : n(M)ocM , 0>0 (49)

where we did not consider logarithmic corrections. The lower
boundd > 0 is given by the conditiori (30). In most models, one

A\ —(3)/2 also ha9) < 1 so that the number of small objects diverges (as
Op ~ ( ) (44) inthe Press-Schechter mass function, Press & Schechter 1974).

M, We note that this is also necessary to reproduce the faint-end
As we noticed above, this simply states that the characteristiope of the galaxy luminosity function, since the luminosity
density of halos of mas&/ < M, is given by the mean den-usually scales as a power of the dark matter halo mass in order
sity of the universe at the time when this mass scale becata®btain the Tully-Fisher relation (although the actual power-
non-linear. This behaviour is probably more robust than the dggectrum is probably not a power-law it is smooth enough to
tailed prescription{42). We note that this means there has ohly approximated by a power-law over the mass range corre-
been a negligible evolution of these small objects: their densitponding to galaxies). However, we shall not need this upper
has not significantly changed since their formation. Note theund in the following. The fraction of matter (or luminosity)
Salvador-Sole et al.(1998) also recovelfied (44) using a more dentributed by small objects in these models and observations
tailed model thar[(42) which takes into account violent mergeatso decreases for small (or L) as a power-law with a posi-
and slow accretion. Neglecting the logarithmic correction iifive exponent, that i8 > 0. Thus we do not consider here the
(40) we also have: casef) = 0 which can still be made consistent wifi{30) with

3 suitable logarithmic prefactors (e.g(M) oc 1/[M In®*(M))).
M(< Ry) ~750. R®~7 ¢ <R> ~7 RS ~ M(< R)(45) Hence, this model corresponds to the hypothEEisvhere the
c profile of the halos is given by the results of Navarro et al.(1996)

This means that most (or a finite fraction) of the mass is eﬂr_similar studies (Hernquist 1990; Moore et al.1998). In a fash-

closed withinR,. This would be exact for any outer densit;’on similar to the calculations shown in the previous section we
profile ¢ > R,) steeper tham,(r) x r—3, like the Hern- can obtain the .scale dependence of the momentsr p > 2.
quist profile [Z1). This is also consistent with the results df1uS: We write:

Navarro et al.(1996) since simulations cannot distinguish be-

tweengy, (1) o< r—3 andpy, (r) oc 731 (for instance). Thus, we () ~ Ar(l) + Ao (l) + A3 (1) + Aa(D) (50)

shall consider in this section a model where large halos havggere 4, corresponds to cells embedded within a large halo

where we defined/, by o(M.) = 1. Hence, we obtain:

M < M, :

single power-law density profile: M > M,, A, to cells enclosed within an objedtl < M,
. r\—8 such thatl < R, As to cells within a haloM < M, with
M>M, :  pu(r)=(1+A.) (E) (46) R, << RandAy, to cells which contain zero, one or several

small objects. Indeed, since we are interested in the small scale

while small objects follow a double power-law profile: behaviour we havé < R, (whereR, defined byo(R.) = 1

R, A\ (3)/6 is of_the order of the radius of collapsed halos of ma&3. We
M < M, : 7= (M*) and (47) obtain:
0 3—
By /2 N B Ay~ 1010
r<Rg: pn(r) =1+ A (1 (RS) Ay ~ 10+ P8 4 [aEsl0—(p=1)(n+3)/2]
—(n+3)/2 -8 6 _[9—(p—1)(n -
Ro<r<R: i) =(0+A) () (£) 7 Av RO e
with: Hence, the exponentg, are given by:
B<3 . >3 48) 5o 4 —Max|ps—3, (p— 10T 60 |5
pP=2: pB=3.(p - = 5, | B

Of course, this double power-law profile is a simplification of

the smooth profiled(39) and{41). However, it captures th&inced > 0, the constrain€C1 implies [3T) and{38). Thus, we
main features which are that a finite fraction of the mass riscover the results of the previous section. This means that this
enclosed within a radiug, with an inner density profile with model cannot provide a satisfactory description of the density
a slopes = 1. The outer slop& will not enter our final results field either.
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6. Substructures uncertainty on the shape of these halos (Moore et al.1998). The

descriptionH2 predicts a significant amount of substructure
The results of Sedtl 4 and Sddt.5 show that the assumptjon 'PY predi 'gniti ! UDSITUCT

. . g 8ven with a logarithmic correction) while simulations often
H1 is not valid: one cannot describe the dark matter densi 9 )

field by a collection of halos with a smooth density profile.¥|Iy have a moderate amount of "sub-objects”. However, this

o vermergin lines with higher resolution so that it m

In other words,the substructures embedded within Iargecr’ ermerging de_c es gher resoiution so that It may be
! .2~mostly a numerical problem due to low resolution (Ghigna et

halos play an important rotethey have to be taken into

account in order to obtain the correct scaling exponepts al.1998). In_addition, as we noticed (_aarlier the measure of_ the

This is also directly seen frofi{51). Indeed, we note that borr%omentsup is a better defined operation th:_m the identification

constraintsC1 and C2 are satisfied.iﬂ _ 0 ,As we noticed 6 halos and substructures so that the conqn@msandcz are

in the previous section, this cannot be us.ed as a satisfactBrObabIY more robus’Fthan the results optalpgd for the character-
P ' 2HiCs of individual objects. Hence we think it is safer to rely on

mass function of distinct halos (even after addition of ad-h se two constraints than on observations about the behaviour

logarithmic factors to ensure convergence) because this woy Snalos themselves. ThuEI2 appears to be the simplest de-

fno:st;afdulﬁtcttixsoaseggjrde dgﬁia;(zrr!lér:;ég?zlitr)r/u:li rt'if)tr']OSn Hag\?vet\?s%r:ription which is consistent with numerical results, wiila
) . ' : F% ruled out. We note that a simple model which lead$l®

the valued = 0 has a very simple and natural interpretation; . . . : .
: Was described in Valageas (1998) (this article also described

one counts the same matter (particles) at small scales asls

counted at larger scale$n other words there is some multiple € quasi-linear regime for the density and velocity fields). A
9 Psimilar picture of the density field was also obtained by Balian

ggglrgzl\;gaizdsmgllse ?T;Eg?elcstss;e;nsiggvﬁvﬂy I?]Sdggjdeda chaeffer (1989a) starting directly from the assumption that
let id discret rr]1 del where a mas . ; unit, all exponentsy, (p € IN*) satisfy the stable-clustering predic-
€ | us consider a ;:; b'o f € al — ;(pe ith tion (28) (see also Valageas & Schaeffer 1997). We must stress
\;o;m;e()els ricggql/z;) at aino éi;tl; o>n;a7n t?}glo /;/rlitm:]ic that although the most simple interpretatiorH is that small
interval dIJ\%II/M Al M y: In ) tﬁeré are\ :gM/M‘ clumps embedde_d yv!t_hin Iarggr h_alos do not evolv_e much and
objects hence)(M) o« 1/M and — 0 Thuzs the modlel keep roughly their initial density it can also describe a much

' ! more dynamical picture. Indeed, individual clumps may con-

descrlbe_d n the_ previous section can be made to salisfy tinuously form and disappear through the exchange of particles
and C2 if we give the mass functiom(M)dM /M a new . o . e ;
while the statistical properties of the density field remain un-

interpretation: it now counts the substructures of mass hanaed
embedded within larger halos as well as new isolated objeccts. ged.
Moreover, the latter provide a negligible contribution to the

momentsy,, (p > 2) as compared to the former. Hence, thé. Multifractals
previous considerations lead to a new simple and natural modﬁE_ General model

H2: dark matter halos can be divided into substructures &¥e have seen in Selt. 4 and SEkt. 5 that one cannot describe the
arbitrarily small massM with a characteristic density equal non-linear density field by a collection of smooth halos. Hence,
to the mean density of the universe at the time when this massmust turn to another description. The importance of the scal-
scale became non-linear. Moreover, in this case the exponeinig exponents, and the condition€1 andC2 obviously lead
7 (p > 2) are given by the stable-clustering approximatioene to consider multifractal models (e.g. Balian & Schaeffer
(Z38). 1989b; Frisch 1995) to describe the non-linear regime. We first

introduce the cumulative probabilify; (p) = f?p P,(p)dp (for

Of course, logarithmic factors may be present: the mass eifstance). Then, for any scaling exponent 1R we define the
bedded within substructures of scale lower tddnmay slowly scaling dimensior(«) < 3 (which can be negative and take
decrease ab/|In M| for instance. One must note tHAR does the value—oo) by:
not necessarily contradict the result from numerical simulations _
thatthespherically averagedensity profile of dark matter halos |; ., In P (1) —3- F(a) (52)
follows a universal shape. Indeed, in such measures one aute®  In!
maticglly discards sqb_structur_eg in order to obtain a “me_a[h” particular, we assume that;
behaviour. However, it is surprising (and somewhat suspicious
in our view) that this “average profile” does not depend on the y3: the density field is multifractal on small non-linear
slopen of th_e initial power—spectrum while (at Igast) the firsfcz1eg « 1, where:
few correlation functionsy( < 6) do depend om (indeed, as
emphasized by Navarro et al.1997 although the characteridtie’ I, :  P;(1%) ~ 137 F(®) (53)
densitys. of M, halos decreases withthey find that dark mat- i .
ter halos obey the same profile139) for all power-spectra). In wherel.. defined byo (i) = 1 corresponds to the transition

particular, one would rather expect a density profile of the forRffWeen the linear and non-linear regimes. As usual we did
p(r) o 7. We can also note that there is still a significarﬂc’t write possible logarithmic factors. Note that this definition
of multifractality is less restrictive than the (more traditional)
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7.2. Bifractal

The simplest model which is consistent Wil andC2 is the
case of a bifractal, where there are only two scaling exponents:
a=a; < 0anda = ag > 0. Then,C1 impliesa; = —y and

we noteay = yw/(1 —w) with 0 < w < 1. Thus:

_3_ L
F(a) = —oo  otherwise

and:

p>l-w:yp=pE-1)7

(61)

W — W
Fig. 1. Geometrical construction of the scaling exponeptérom the p<l-w:m P 1=

fractal dimensions” (). This bifractal model is consistent with the stable-clustering as-

sumption [(2B), sed (28). Moreover, it saturates the inequali-
assumption;(r) ~ 1* forr € D, ¢ R® with dimD,, = ties [I7). We note that, starting from the behaviut (26) for the
F(a), forl — 0. The scaling exponentg, defined by[(I4) are many-body correlation functions, Balian & Schaeffer (1989b)

obtained fromH3. Indeed: obtained the fractal dimensions implied by simple models for
P pat3—F(a) the density field which are consistent with these scaling laws
(1) = /p Pi(p)dp ~ /l P, (a)da (54)  and they recovered this bifractal model. More precisely, they

whereP, (a) gives the weight of the various exponents. Theriflgliﬂg lil:\(tgzm:ecﬁ;tzf?arna < lwo?nfa;&w_/(i)_ﬂ?}e) demhel,!ﬁ
using the steepest descent method, we obtain: ger v

sion F'(«) must be lower than (or equal to) the line joining
~p = —min [pa + 3 — F(a)] =max [F(a) —3 —pa] (55) (—v,3—7)to(yw/(1—w),3). Thus, these points play no role

“ _ “ for the exponents,, which are still given by[(6l1).
Thus,~, (seen as a function of € IR) and F'(«) are related o the other hand, we can note that a larger class of models
by a Legendre transformation. We netgthe scaling exponent (than the bifractal) is consistent with the stable-clustering pre-

which corresponds tg,. Then, we have froni (55): diction [28) for the correlation functions since one only needs:
P>p: oy < 8 Fla)= 0o for a<—y and F(—y)=3-~ (62)
We also get: The exponents, for smallp are related to the behaviour for
peR :  Fl(ay)=p if F'(a,) exists (57) largey of the functiony;(y) introduced in[[2D). Thus, if we
Using (I8) we obtain: have:

a> -3 (58) ¥y o0 o(y)~a y'™¢ with 0<w<1 (63)

In other wordsF (o) = —oo for a < —3. Sincey, = 0 there Wherep(y) = lim;_,o ¢;(y) we recover the second line of the

exists at least one point, such thatF' (o) = 3. Usingy; = 0 system[(6Bll), as shown in appendix[in (A12). On the other hand,
we also obtainF(a) < 3 + « and this equality is realized atif ¢(y) ~ In®y fory — oo one obtaing;, = oo for p < 0. This
least for one pointy;. Thus we have: corresponds to density fields where there is a large probability to
Flag)=3 , Fla))=3+a , a1 <0<a (59) Ezgo\éix%nieg(,jigz%rgy%{ons while63) leads to an exponential
We show in Fig. ]l an example &f(«) and how one can obtain ~ We note that this model is consistent with a universal spher-
the exponents,, from this curve. ically averaged density profile for virialized halos of the form
The results of Sedt] 4, where the density field was modellddscribed in Sedt] 4 or Sdct. 5. It simply adds to the two scaling
as a collection of halos with a single power-law density prexponents-+ andyw/(1 — w) the points(—g3,0) (for Sectl#
file, can be obtained from this multifractal description. Indeedjith now 3 < ) or (—v,3 — v —66/(5 + n)) (for Sect[, but
using the usual definition, in this case there are only two fraic- this case this point does not show on the cuR{e) since
tal dimensionsoe = 0 with F(0) = 3 (which corresponds to 6 > 0). However, even if such a “universal shape” exists, it does
points in the halo of the objects or within a uniform componentjot govern the exponents which are given by the internal den-
anda = —p with F'(—3) = 0 (centers of the halos). Here wesity fluctuations whose contribution dominates the momepts
considered a finite number of halos since small objects do ramtd the relation§ (61) are still valid. We also note that the scaling
contribute tou, for p > 1. Then one recoverg (B8) frorm (55).dimensionF’(—v) = 3 — v which characterizes the matter dis-
Note that in this casey = a; = 0. We have already seen intribution can lead to the filaments and walls seen in numerical
Sectl[# that such a model is ruled out. simulations (e.g. Bond et al.1996) sintec 3 — v < 2.



764 P. Valageas: Non-linear gravitational clustering

7.3. Specific constraints which leads to:

In order to obtain more detailed characteristics of the cilive) a1\

we must explicitely consider the specific case we are interest@f P (l*> > 1

in: the growth through gravitational instability of small gaussian 95 s 1\ 3 2

density fluctuations, in a critical universe. Although one shoul®: (< p) < p-o (l) (69)
obtain the exponentg, andF'(«) from the Liouville equation, 27V o

n+3
whichis notan easy task, itis possible to derive a few constraints X exp _1 (27> [3*% (l)
from simple and reasonable arguments. 2:\20
We first consider the behaviour of underdense regionsﬁ_ , o ,
which governs the exponents for low p and F'(«) for large This means thatim;_oIn F(< *)/Inl = oo In the case
«. We assume that strong underdensities (“voids”) are creat?aﬁ_(1 —n)/3 + (n +3) < 0. From the definition[(32) we

by the amplification of small initial negative density fluctuadet
tions. In particular, at a given scalevery low density regions N 3(3+n)

((1 + §) — 0) come from the expansion of rare initial underf' (@) = —oo  for - (70)
densities. In the early linear universe, density fluctuations at the ] o
mass scalé/ are characterized by the parameter In the framework of the bifractal modél (60) it implies:

5y o fractal : w < > Jg n (71)
v= O'(M) ( )

However, it is possible to obtain another upper limitdemwith-

whered;, is the linear density contrast. As seen in Valage&$it assuming t_he density fielq to be a multifractal. Indged, let
(1998) rare underdensities< —1 have a spherically symmet-US assume as i (A3) thai(y) is a power-law for large with

ric profile. Moreover they tend to become increasingly sphefi €xponeni; which may depend on the scdléhe bifractal

cal as they expand (Bertschinger 1985), hence we can usefifdlel is the peculiar case whesganda; are scale-invariant).
spherical model to obtain their dynamics (see also Bernardgdih the low-density cutoff of the density probability distribu-
1994b) before their expansion is slowed down when they jdi@n F:(5) is given by [AT). The constraint (59) applied in the
with neighbouring underdensities. Thus, we write that the profiit  — 0implies (1 —w;)/w; > (1 —n)/3 hence we obtain
ability to find an underdensitl + §) — 0 in a cell of radius the scale-independent upper bound:

R is smaller than the probability we would obtain if all initial

underdensities would follow the spherical dynamics expansidrﬁ< Le o w < 1
Thus, we write:

(72)
—n
Herew; is not necessarily related to a multifractal dimension,
or(A) 1 it only characterizes the density probability distribution seen at
——— Pr(0L)ddy, (65) scalel. The existence of this upper bound is due to the fact that
(1+9)(dr) the - -
probability to have very low densities decreases strongly as
p — 0. Indeed, in the linear regime the density field is very
close to uniform (because of the sharp cutoff of the gaussian)
and the amplification of underdensities is only a power-law of
1 ) time in both the linear and non-linear regimes (but with different
Pr(0r) = Wor e~ 0t/ (27 () (66) exponents). Hence at late times the density field still “remem-
i bers” the initial gaussian cutoff. Our result is only based on the
Here, R, plays the role of a mass scale so iy, = (1 + assumption that the most extreme “voids” come from the am-

A)Y/3R. In the limit (1 + 6) — 0, the spherical model relatesPlification of the most negative primordial density fluctuations

the actual density contrast to the linear theory prediction B‘g‘iCh seems quite reasonable. We did not take into account
(Peebles 1980; Valageas 1998): shell-crossing since this would rather affect collapsed regions

(itdoes not occur for the spherically symmetric voids considered
2 —3/2 here, see Valageas 1998). Note that for the valuae®binterest
op > —00 @ (146§)~ <— 5L) (67) the bound[(7R) is more constraining than](71). We compare in
27 Table 1 the values af obtained in numerical simulations with
the upper bound&(¥1) arid(72).

We can see that the numerical results are consistent with
the upper bound${¥1) and{72). More generally, although our
Pr(<1+56) < / —=5 argument was not completely rigorous the res{lis (70)add (72)

—o0 V2ro 27 should be quite robust. Indeed, one expects deviations from
62 68 spherical dynamics to slow down the decrease of the “overden-
20—2(}2771):| (68) sity” (1 + ¢) which leads to smallex andw. Indeed, a lowea

PR(<1+A)§/

— 00

where Py, (d1,)ddy, is the probability distribution of the initial
linear density fluctuations:

Thus, we obtain:

—27/20(1-&-5)72/3 dé‘L < 20 )3/2

X exp [—
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Table 1. Exponentw for various indexes: of the power-spectrum. Table 2. Exponentsx for various indexes: of the power-spectrum.
We compare the upper bounds}71) aihd (72) with numerical resulte compare the upper bourfld(70) with the mean valygiven by
from Colombi et al.(1997) (line C), Munshi et al.(1999) (line M) anchumerical results from Colombi et al.(1997), Munshi et al.(1999) and

Valageas et al.(1999a) (line V). Valageas et al.(1999a). We also present the maximum expanent
allowed by simulations, usin@ (¥8). The exponeii given byC1 in
n —2 1 0 1 agreement with numerical results. The upper boundfois obtained

(5+n)/6 05 066 083 1 from the measured dispersionaf using [85).

3/(4-n) 05 06 075 1

n -2 -1 0 1
C 0.3 0.5 0.65 0.65
M 033 04 055 07 33+n)/(1-n) 1 3 9 o
Vv 03 04 045 Qo 045 113 22 415
o 059 139 26 442
~y 1 15 18 2
orw means less extreme underdensities. This may also explain 115 170 207 219

why the values ofv obtained from numerical simulations are
smaller than the upper bourld{72).

. .. a multifractal together with the existence (for < 1) of an
Now, we show that the existence (for< 1) of an upper limit 9 (for < 1)

maller than unity f implies thato, | le-independ ntupper bound for the scaling exponentss sufficient to show
\?vitr?ineth ?r ::1 v?// r?(wlf rF;eIEfr at {rrfsdca} eéin epgmite that the exponent of the power-law regime af, (y) at largey
€ framework of a multiiractal mocel. sincea S is scale-independent. However, the normalization fagtaray

a finite upper bound the sequenee, has a finite limito. for . .
» — +00, see[[5B). Moreover, we have frof[55): vary with /. Indeed, from[{AIP) and{14) we obtain:

a 1\ I-@)(ey—ao)
Y-(p+1) = V-p = Q—(p+1) + P (a—(pﬂ) - a_p) (73) e B <>
+ F (o) = F (o) a,,  \l
Thus, the measure of the normalization factpallows one to
get an important constraint on the curké«): it provides the
value of the maximum scaling exponent. Indeed, we have:

~ g*(lfw)(a+*a0)/v (78)

If F(ay) is finite anday is isolated, orF’(«..) is finite, or

F'(ay) = 400, there exists a real; such that for any >

p+ We havea_, = ay. If F(«) is twice differentiable on

an interval[&, a | vylt.h & < ag _and Fllay) = —00 then. a>ay i Fla)=—-x (79)

a_p, < ay for any finitep and using a Taylor expansion with

remainder and(57) we obtain_(, 1) —7-p) = a_(p11)+ R, Note that, > ag anda is lower than the upper bourid{70)

with |Rp| < (a_(p11) — a—p). Thus, in all these cases we getwhile the upper limit[ZR) is irrelevant. Thus, the coefficient
remains constant (neglecting logarithmic corrections) or tends

o (V-(p+1) —7-p) = a4 which s finite (74) to 0 asé — ~o (which means that underdense regions have
an even smaller density). We note that numerical simulations
Using (A12) we have: (Colombi et al.1997; Munshi et al.1999; Valageas et al.1999a)
(1) for the counts-in-cells are consistent with a constant valug of
p—+oo: In {u(”“) } ~ Inp (75) while the behaviour of the mass functions studied in Valageas et
p—p() 1—w al.(1999a) might suggest a very slow decrease, @t smaller
From the definition[{T4) of the exponents we also have: scales. From the dispersion of the measure;dh these nu-
merical results and the small decline of the mass functions we
l<L.peR : In [/L—(p+1)(l):| I |::u’—(p+1)(l*)] can obtain an upper bound far. using [78). We show our re-
t ) p—p(l) pep(le) sults in Table 2. (to get, we used the mean of the various
I simulations in[(7B)).
—(V-(p+1) —7-p) In <Z) (76) Thus, the behaviour af («) in the domainy > ay is very
: close to the bifractal model. Indeed, numerical simulations show
Hereln(, (1)) is the value obtained ih= [, by extrapolation that (o) = —oo for scaling exponents very close towy.
from the non-linear regimé— 0. Thus, we obtain: Moreover, even if there exist scaling exponents slightly larger
Wy Wy thanag (which may not be the case) they do not affect the slope
Ty - 1= — 12 w w of the density probability distribution while the normalization
! ll* Y (pt1) = V—p (77) factora; only shows a very weak (if any) scale dependence. We
—1In *> plgrgo Z)IT note that the value af . obtained from numerical simulations

through [Z8) is significantly lower than the theoretical upper
Here againy;, is defined by the asymptotic non-linear regimebound [7D) and very close te). This suggests that, may in
Using [74) we see that; is constant, apart from a possible subfact be equal tayy. Indeed, if one measures directly the curve
logarithmic/—dependence (e.m[In(1/1)])whichcanbe safely F(«) in a numerical simulation, using_(62) for instance, one
neglected for any practical purposes. Thus, the assumptionwafuld not be able to obtai#’(ay) = 3 and Fl(o) = —c0
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for all larger scaling exponents. Due to finite resolution effectsyd additivity of the mass) the sequengghas a finite limit
there would be some dispersion which would create some spux_ for p — +o0, see[(5b). Fron](35) we obtain:

rious exponents slightly larger thar. Moreover, itis obvious

from (52) that the sharg'(«) which appears for instance in pl}rfoo (1 —w)=a- , y<a_<3 (84)
the bifractal model is only realized in the limit— 0: for any

simulation where the available rangelof necessarily finite
the ratio— In P;(1%;,.)/ In l,,:,, Will show a smooth cutoff. < ! >a_—w

in a fashion similar to[(44). Hence we have:
We now turn to high density regions (i.e. sma)l. Let us  ys(1) = ys(l+)

assume that after collapse mass condensations see their over-

density evolve ag(1 + §) o« a”. If these halos keep the sameThus, if P;(5) shows a pure exponential cutoff at some scale

density (or radius) with time (i.e. no evolution) while they get (i.e. y (1) is finite and non-zero) it will display a similar ex-

embedded within larger objects we ha¥e= 1. Sinced;, «c a ponential cutoff throughout the non-linear regime. Moreover,

(and collapse occurs fai, ~ 1) we obtain for high densities: the strengthy, (1) of this falloff declines or remains constant

I (85)

(1+9)~ 5iﬁ. Hence we get: at smaller scales: the importance of extreme positive density

L nts mes fluctuations grows or is stationary as one probes deeper into

v (L+6)3+75 R2 (80) ' the non-linear regime (as compared with the predictions of the

and: stable-clustering ansatz). From the dispersion of the measure
of y,,; obtained in numerical simulations (Colombi et al.1997;

Fla) = —00  for a< 3(3+mn) (81) Munshi et al.1999; Valageas et al.1999a) we obtain using (85)

T n+3+ 2/6 an upper bound for_. We show our results in Table 2. Note

Using the constrain©1 we gets > 1. Thus, there are two pos-that we have:

sibilities within this description: i) after virialization collapsed, < —_ :  F(a) = — (86)
halos do not see their properties (density, radius) evolve much

(i.e. at most through logarithmic factors) and the exponepts Thus, as was the case for the largelomain discussed above

(p > 2) are given by the stable-clustering assumptfion (28) or fiumerical simulations constrain the curf«) to be rather
some objects see their densitgreasewith time as a power-law close to the bifractal model far < —+. The possible scaling
and the exponents, (p > 2) are larger than the values{28)&xponents do not extend downdo= —3 and their minimum

As larger scales become non-linear and small objects get eflue—a_ is close to-~. This suggests again that the existence
bedded within increasingly massive halos, interactions betwe@nscaling exponents belowy may be due to finite effects
clouds (e.g. collisions) can affect their properties. Although off@ote moreover that the values displayed in Table 2 are upper
might have expected these processes to decrease the meankfitinds). Although we assumed, to be finite and non-zero
sity of small objects (through disruptions, relaxation towardge constraint o shown in Table 2 also applies if the cutoff
the lower density of the larger host halo) the constraffits IS not a “pure” exponential. Thus, if we write more generally:
and C2 show on the contrary that their mean density is con- N we g1 .

stant (except for a possible logarithmic decline) or increasess. ¢ Py(p) ~ Cis’zl <p> 1 exp [— ( P ) } (87)

This description assumes that one can follow the behaviour of £ 3 Ts1 €

individual mass condensations. In fact, this may not be the cas

: . . Wit 0 we obtain:
as density fluctuations could be continuously created and de- it =

stroyed, so that particles belong alternatively to overdensities =p—1 Qs] prw,, P+ wsy

and underdensities of evolving magnitude. Thus, the behavidur® °© * H» ™ Kl Tl r ( Kl > (88)
of mass condensations could be more intricate than those of ) )
“voids”. In particular, one should explicitely take into account € ¢asé« > 1 corresponds tg,,; = —oo (no singularity)

shell-crossing. However, we can directly obtain constraints 9%t < 110 ys; = 0.In a fashion similar tol(47), using the
the curveF(«) from numerical results. The location; < 0 constrainte > —3, we obtain thats; is constant (except for

of the singularity ofo;(y), see [A%) and(20), is given by: sub-logarithmic terms). Froh (B8) we also obtain:

1 1/ky
yos = — lim 250 ©) o= Jim (%) e (89)

p=00 Syi1(1) CE roe\p Iy
As explained in appendix we assume here thatis finite and which is similar to [8R). Sinces; exhibits at most a sub-
non-zero. Then, we obtain frorm (22): logarithmic dependence this implies:
l Yp+1 V=Y l —(a——v)
() =t i (1) ) 0= (1) (90)

where againy, (1, ) is defined from the non-linear regime. Sincevhich is exactly[(85) we got in the peculiar case= 1 since
« admits a finite lower bound (58) (only due to the positivity:, ; = —1/ys ;. Note that[(9D) does not dependerMoreover,
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numerical results constrain the argument of the exponentialaiility distribution of the density contrast, to be very close (or
be close to a linear function of the density> 1. identical) to the characteristics of such a bifractal. In the main
Thus, we have shown that the cuféx) is very similar to  text we have only considered the case of a critical universe with
the bifractal model forx < oy anda > «q. The intermediate an initial power-spectrum which is a power-law. Nevertheless,
regime is more difficult to constrain since it depends on the daudr main results (in particular the importance of substructures
tails of the dynamics. For instance, one could add a dirt) and small-scale density fluctuations) should also apply to power-
if a finite fraction of the volume is filled by a smooth compospectra which are not pure power-laws but smooth enough to be
nent. However, such modifications only influence the exponen¢esisonably approximated by a power-law over some significant
v, for 0 < p < 1, which corresponds to intermediate densityange of mass (e.g. CDM). However, in such a case the scaling
fluctuations between the characteristic density of mass conderponents,, may exhibit a slow scale-dependence as a function
sations (given by, ,€) and “voids” (5 ~ all/(lfw) g —w/(l—“))_ ofthe local slope of the power-spectrum. Our results should also

One needs to solve the equations of the dynamics in order to@@ply to a low-density universe. In fact, since in such a model

more precise information. However, itis clear from the previodg)n—linear scales collapsed when the universe was still close to

results that the bifractal model provides a reasonable descfptical the non-linear regime should be the same as for the case

tion of the density field. Moreover, it is the simplest realisti€? = 1 with the same power-spectrum. One only needs to take

model. care of the different time-dependence of the normalizatiah of
We note that in the bifractal model the density probabild the non-linear part wheft gets small, as done in Peacock &

ity distribution P,(5) in the very low-density regim& (A7) alsoD0odds (1996) and Valageas & Schaeffer (1997). The implica-

defines its behaviour in the intermediate regimel (A6), and cdins for astrophysical objects of this description have already

versely, through the parameterandw. This also holds for more been presented in other studies (e.g. Valageas & Schaeffer 1998

general models wherg, (y) ~ a; y'~* for largey. Indeed, as for galaxies; Valageas et al.1999b for Lymarciouds).

we noticed in Sedt]2 the coefficierts (or u,) for p € IN are

sufficient to define entirely; (p) although they are mainly sen-Appendix A: density probability distribution

sitive to positive density fluctuations. However, the parameters

« anda depend in a somewhat intricate fashion on the mome'lﬁgre we briefly recall the behaviour of the probability distribu-

. . tion of the overdensity, in spheres of sizéimplied by simple
or.S, (p € IN) through the asymptotic behaviour of the func:
tp O 5y (p € IN) g ymp rms of ;(y) (see Balian & Schaeffer 1989a for details). The

tion ¢;(y) while they can very easily be obtained theoreticall , ! _
from the momentg:, (—p € IN) through [AI2). On the other elation [21) can be inverted as:
hand, the parametefsw; or z,; are directly given by the mo- _ W)/ _ < JE .
mentsy, or S, (p € IN) through [(88). Thus, both sequence$§ wren _/0 ™% Pi(p)dp
have their own advantages.

(A1)
This implies (using:; = 1):

8. Conclusion Re(y) >0 : Re[‘ﬂlﬁy)] >0 , yeR: ‘P;(y) >0 (A2)
o o yeR": pi(y) <€ln2+2y
In this article we have investigated the consequences for the

shape of virialized halos of the constraints provided by numéie assume thag,(y) behaves as a power-law for large

ical simulations on thefir_st fgw correlation fupctions. Thus, WE oot oiy) ~ar gt with 0<w <1 (A3)
have shown that the density fieldnnotbe described by a collec-

tion of smoothhalos with a universal density profile. This doeghe bounds onv; are due to[{AR). In the following we only
not imply that a mean spherically averaged density profile doegnsiderd < w; < 1 which is consistent with numerical sim-
not exist. It means that substructures within larger objects plakations (Colombi et al.1997; Munshi et al.1999; Valageas et
an important role. In particular, we have shown that a possit#k1999a) which give).3 < w; < 0.7 for =2 < n < 1. Note
interpretation of the constraints provided by numerical simuliat since we do not assume the coefficiesydl) to be scale-
tions is that dark matter halos can be divided into an infinitavariant we write explicitely thé—dependence of the function
hierarchy of smaller objects. Then, the characteristic densitysaf(y) and its parameters;, w;. Then, we consider the case
substructures of a given mass is the density of the universevhere the rapid growth of the coefficierig with p implies a

the time when this mass scale turned non-linear. However, théigular behaviour op;(y) at small negative values af say
small mass condensations may not be permanent entities as they= —1/x,,; with =, ; being large £, ; ~ 10):

could be continuously created and destroyed through the long-. 4+ | o —w,

range action of gravity. Finally, we have presented multifractal ~ 75t oY) = =@l (@) (¥ = yo) ™ (A4)
models which can reproduce the observed behaviour of the firdtere we neglected less singular terms. This leads to an expo-
few correlation functions. Thus, it appears thatdimplestreal- nential cutoff at large densities &% (p) which agrees with nu-
istic modelof the non-linear density field is th@fractal model merical simulations (Colombi et al.1997; Valageas et al.1999a)
developped by Balian & Schaeffer (1989a, 1989b). Moreovemd this singular behaviour ¢f (y) arises naturally from a tree-
we have shown that numerical results constrain the multifractabdel for the correlation functions (Bernardeau & Schaeffer
properties of the actual non-linear density field, and the prob992).



768

log[P:(p)]

-10

log(p)

4 0 4

Fig. AL. Probability P, (5) for finding an overdensityg in a cell within
which the average correlation functiongs= 200 in the casev; =

1/2, ws,; = —3/2andz,; = 10. The density distribution is a power-

—wi/(1—wy)

law with a cutoff at small g, ~ & ) and large f. ~ &)
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In particular, forp € IN* we recover[(IB):

* zb—1 e
pEN", €11 p(l) ~Sp()EX =E,(I) (A10)
On the other hand, we can also write frdml(21):
—p—1 oo
up=:<flt/‘ dy y™P ¢j(y) e~ P W/E (A11)
L(1-p) Jo
which leads to:
p<l—w,&E>1:
__p_
i) /-0 g -pafima) (A1)
T

Note that[[ATR) gives the exact leading order in the limit>
—oo at a fixed value of, or in the limit¢ — oo at fixedp.
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