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Abstract. We propose a phenomenological generalization pérticles. A substantial ingredient of this approach is that the
the models of large—scale structure formation in the Universearse—grained velocity evolves under the combined action of
by gravitational instability in two ways: we include pressurgravity andpressure—likdorces due to velocity dispersion (i.e.,
forces to model multi-streaming, and noise to model fluctubecause particles of dust do not move exactly with the coarse—
tions due to neglected short—scale physical processes. We spmained velocity). We cannot resort to hydrodynamic considera-
that pressure gives rise to a viscous—like force of the same chams of local equilibrium but make instead use of “equations of
acter as the one introduced in thghesion modelvhile noise state” as phenomenological matter models without any further
leads to a roughening of the density field, yielding a scalipgstification. In these models the pressure is assumed isotropic
behavior of its correlations. and may only depend on the (coarse—grained) density, that is,
p = p(p). Thisassumption makes the problem accessible to ana-
Key words: gravitation — hydrodynamics — instabilities — methlytical study and helps to illuminate our major argument that the
ods: analytical — cosmology: theory — cosmology: large-scgleesence of forces which counteract the gravitational attraction
structure of Universe is a basic step in understanding the dynamics of self—gravitating
matter; a detailed study of the origin and properties of pressure
forces is carried out elsewhere (Buchert & Dioguez 1998).
1. Introduction That the putative problem is far more complex than the
dust case already becomes clear in the investigation of the
Analytical approximations for the evolution of large-scalgne—dimensional Euler-Newton system with the simple mat-
structure (LSS) are based on the paradigm that small initig} modelp « o (Gotz 1988). Gtz has shown that solutions
perturbations grow by gravitational instability, which is in turfy the one—dimensional problem can be generated by solutions
implemented in the simplest matter mod#ist(Peebles 1980, of the Sine—Gordon equation. This well-studied equation has
Zel'dovich & Novikov 1983, Sahni & Coles 1995, and refg rich spectrum of solutions that includes solitongtGalso
therein). However, this approximation has some limitations: ORBinted out that an asymptotic N—soliton state is generic, i.e.,
has to restrict its application to the early stages of structure fQfij| pe realized almost independently of the initial data. We
mation and when the effects on the evolution of physical prgge already in this comparatively simple case, that we are faced
cesses different from gravitational instability are negligible. lgith a generic picture which is completely different from what
this paper we purport to generalize this matter model in ordgierges in a cosmology based on dust matter: special nonlin-
to overcome some of these limitations. ear features build up structures at large times whictabeent
One of the problems at the later stages of LSS evolutigithe dust cosmology. This illustrates that the complexity in-
is the formation of multi-stream regions, i.e., regions whetgyduced by a pressure term could bear far—reaching surprises.
particles of dust come together with very different velocitiegye also want to stress that the introduction of a pressure term
This fact manifests itself as the emergence of caustics in {8&ot in contradiction with our present understanding of LSS
density field, where the velocity field iertical (i.e., where it formation, since it partly arises from N—body simulations of
acquires an infinite derivative at a point) and later on mulfine structure formation process which capture multi—streaming
ply valued. This problem arises from insisting on following theffects, and hence are not constrained by the analytical approx-
trajectory of each particle of dust. We therefore propose a $@tion to dust mattBrwhich, in its simplest realizations (e.g.,

of hydrodynamic-like equations for threarse—grainedields, zeldovich's approximation (Zel'dovich 1970)), features imme-
which trace the average motion rather than that of individugate decay of structures after their formation.

Send offprint requests té. Dominguez

* On leave from: Theoretische Physik, Ludwig—Maximilians=
Universiit, Theresienstrasse 37, D-80333iiMdhen, Germany ! We hereimply “single-streamed dust”as opposed to models which
(buchert@theorie.physik.uni-muenchen.de) also cover multi—-dust regions.




344 T. Buchert et al.: Extending the scope of models for LSS formation

We also consider an extension of the model to includendamental fields will be as follows: the densityor equiv-
stochasticeffects. This “stochasticity” arises from the effecalently, the density contrast := (o/0,) — 1), the peculiar—
on the dynamical evolution of physical processes occurring welocity u = u,n,s — Hr, whereu,,,; is the physical veloc-
time— and/or length—scales much smaller than those diredtlyand Hr is the Hubble flow, and the gravitational peculiar—
associated with LSS formation, thus allowing to model theacceleratiorng = g,nys + %(471'ng — A)r, wheregy,s is
by means of a stochastic source (a noise). Possible sourcesteghysical gravitational acceleration aﬂé (4nGop — N r
deviations from the mean field approximation, fluctuations iiis the Newtonian counterpart of the gravitational acceleration
herent to the hydrodynamic (i.e., coarse—grained) descriptiassociated to the background expansion. We subjecandg
and non—gravitational processes in baryonic matter. We sHallperiodic boundary conditions on some large scale to assure
use the simplest model of a Gaussian—distributed forcing on thd@queness of the cosmological solutions, in which casis
coarse-grained evolution. equal to the spatially averaged density (see Ehlers & Buchert

As with pressure—like forces, we want to stress that a noi997).
forcing could be relevant to LSS formation, but a detailed con- The fieldsp andu obey a set of hydrodynamic equations
sideration of its origin and properties is beyond the scope of tegpressing the conservation of mass and momentum in an
present paper. In fact, application of the Renormalization Groappanding background. These equations are similar to those of
shows that noise is relevant in non—exceptional conditions (B#tre standard dust model (Peebles 1980), except for two forcing
bero etal. 1997; Doinguez et al. 1999), implying that even if itterms in Euler's equation that model the multi-streaming and
is very weak (apparently negligible), its effects are amplified astbchastic effects discussed in the Introdu@ion
can have a non—-negligible impact on the dynamical evolution.

This paper is structured as follows: in Sgtt.2 we begmContinuity equation:
by presenting the basic system of equations in the Newtonign 1
regime, and then proceed to a discussion of restrictive assur}%ur 3Ho+ -V -(ou) =0; (2)
tions for the weakly nonlinear regime. In Ségt. 3 we discuss t a
role of the pressure-like force for some particular choices @Euler’s equation:
the equation of state = p(p) and the connection with Burgers’

. . . . 1 1

equation. In Sedfl4 we consider the role of noise and prowdé& +-(u-VYu+ Hu=g— —Vp+s; (3)
detailed description of the relationship between the cosmoloé?lf a ae
cal equations and the Kardar—Parisi-Zhang (KPZ) equation.JNewtonian field equations:
Sectlb we study the linear regime in the presence of pressure
and noise. We finally conclude in Sddt. 6. Some technicaliti®s- g = —47Ga(o — o), V xg=0. (4)
have been left to two appendices, one devoted to the exploration i , .
of the validity of what we call in Sedil 4 the “adiabatic approxi- We emphasize that the integral curves of the peculiar—

mation”, and another to a more detailed discussion of the line: ocity fieldu are not associated 10 trajectoriesimflividual
regime particles, rathep, u andg are considered as coarse—grained
' fields. This coarse—graining is the origin of the two new terms
on the right—-hand—side of Euler’s equatiah (3). One of these new
2. Basic equations and restrictive assumptions terms is the pressure for&p, which accounts for the isotropic
We are interested in discussing LSS formation in the noR—art of _the multlfstream force, a_nd the_ref_ore ”.‘Ode's velocity
o : . . dispersion (that is, the fact that in any infinitesimal cell there
relativistic regime and therefore consider the Newtonian cos- ) o . ) .
: : o L are particles with different velocities). Because of this, the in-
mological equations for a self—-gravitating fluid in a sta

dard Friedmann—Lenii@e (FL) cosmological background domr}egr{?II curves of represent traject.orles of thaeap (possibly .
multi-streamed) flow after averaging over velocity space. This

inated by non-relativistic matter (Peebles 1980). The COSmor_essure term igot related to thermal pressure, which can be
logical background is characterized by the cosmic expansi%n P '

factor a(f) and the homogeneous background matter densll?deed neglected on the scales we are interested in. It is a model

; 7 o ) . 01\’/the velocity dispersion generated by gravitational instability
ov(t), which obey (Hubble’s function is defined &= ,/a) (see Buchert & Domguez 1998 and, for arecent generalization

2 8nG K A 3 1 to general relativity, Maartens et al. 1999).
- L) T 3o @ = oa @ The other new term is the stochastic force represented by the

3
. . . noises; it accounts for processes hidden by the coarse—grained
where the constari” determines the sign of the spatial curva > b y g

i treated int . tantin the Newtonian f description of the fluid and whose typical time— and length—
ure (trea edas an integration constantin the Newtonian amg o5 are much shorter than those explicitly considered for LSS
work considered throughout this papes),is the background

. . _ formation. We have resorted to modelling these processes as a
density at some timé&, whena(ty) = 1, andA is the cosmo-

logical tant. Without | ¢ lit ha stochastic forcing and include (but are not restricted to): (a) the
ogical constant. Without oss of generality, one can ChagsSe o .15 of small-scale degrees of freedom whose physics is also
to correspond to the present epoch.

Itis convenient to work in comoving coordinates= a~'r, 2 Fromnow on, time derivatives are taken at constaand gradients
wherer are the standard non—rotating Eulerian coordinates. Ttaéer to comoving coordinates.
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governed by non—gravitational processes, (b) deviations fravhereF'(¢) > 0 is a proportionality coefficient which follows
mean field behavior, manifested as random forces acting on ff@m the deterministic linear theory for dust (see Séct.5 and
particles of the gravitational gas as a consequence of indep@nparticular the discussion after EqS. (B{14-B15) in Appendix
dentimpulses of random size and amplitude arising from “sling). This assumption implicitly requires that both pressure and
like” processes in encounters (Kandrup 1980), (c) deviationstbg intensity of the noise are small when compared with the
the density and velocity fields from the values prescribed by tHeminant self—gravity in Eq.13), which restricts our consider-
deterministic version of Eq4.1(2-4) due to the graininess of théons to spatial scale regimes close to the validity limit of the
underlying physical system of particles (Lifshitz & Pitaevskidust model; noise and pressure will typically dominate on scales
1980). small compared to this limit. The assumption of parallelism un-
To close the system of EqEl[(2-4) a relation is needed lmkerlies the well-known Zel'dovich's approximation (Zel'dovich
tween the dynamical pressyse@nd the two independent fields1970), and is well-justified for deterministic dust models in the
o andu, as well as a specification of the statistical propertidimear as well as in the weakly nonlinear regimes (see Bild-
of the stochastic force. As for the former, we assume the lo-hauer & Buchert 1991; Kofman 1991; Buchert 1992; Hui &
cal relationshipp = p(p). There does not seem to be amy Bertschinger 1996; Susperregi & Buchert 1997). This (indeed
priori reason for this “slaving” of pressure to density (one caversimplifying assumption) will be very useful to analytically
not resort to the hypothesis of local equilibrium as is done faccess the problem, and to define “local” approximations.
the thermodynamical pressure in fluids), so the success of this Furthermore, we study that assumption first because popular
phenomenologicassumption must be judged according to th@odels like the adhesion approximation (Gurbatov et al. 1989)
conclusions following from it. In fact, a detailed study of thean bederivedon the basis of this assumption. As we shall see,
origin of pressure forces in EQJ(3) provides< 0°/2 under the this assumption is consistent with the picture that, coming from
assumption of small velocity dispersion (Buchert & Dioiguez large scales, the mean motion is ruled by the dust model, but
1998) and thereforg = p(p) is the most straightforward phe-incorporation of the effects of pressure and noise adds several
nomenological generalization. We also requité) > 0, that interesting aspects to it. At the smaller scales, the parallelism
is, pressure opposes gravitational collapse. assumption requires that the “backreaction” of these effects on
As for the noise, we make the assumption of Gaussian dile trajectories of the mean dust flow be neglected. In the dust
tributed noise. Since noise is due to the short—scale degrease it can be shown that this assumption admits a class of 3D
of freedom, this assumption could be justified by the centrsblutions (Buchert 1989); this class is highly restrictive, but
limit theorem. As is well known, Gaussian noise can be charsing it as the basis for approximation schemes turns out to be
acterized by just two moments: its mean, which we require ¥ery successful (e.g. Buchert 1996 and ref. thgremsubcase
vanish,(s) = 0 (since any systematic forcing should be madefthese schemes is Zel'dovich’s approximation. However, in the
explicit in Eq. [3)), and its two—point correlations present case we cannot disprove that the assumplion (6) is too
(si(x,8)5;(x', 1)) = 2D (x, X, 1, 1') | ) restrictive to allow for the existence of a class of exact solutions.

) _ o ) ~ We will learn more about the justification of this assumption in
whereD;;(x,x’, t,t') is the covariance matrix with mixed dis-gect[5.

crete and continuous indices (Gardiner 1994; Van Kampen ynder the assumptiol(6), Efl (3) reduces to

1992). We ignore the possibility thd?;; depends orp or u 9 1 (o)

(quenched noise), since this renders the analysis of [EQE. (2;2@ +—-(u-V)u+(H—-F)u= _ple Vo+s, (7

too difficult. As with pressure, this must be seen psenomeno- 2f @ ae

logical assumption, whose merit will be judged from the fina¥ith constraints following from the field equatiotis (4): the ve-

resu'ts_ Notice however that we Consider the poss|b|||tyqu IOClty f|e|d iS irrotational,V xu = 0, and |tS diVergence SatiSfiES

oredGaussian noise, i.e., the nowsis correlated over space andrvy . u + 4nGa(o — 0p) =0 . (8)

time, as expressed by thg (in general) non—tr|y|al depende%ee pressure force terp can be computed from this last

of D on position and time in Ed.I(5). Colored noise represents a . hich ai

richer texture of physical effects than white noise and the paer>5pre55|on, which gives

ticular case of power—law correlated noise is still amenablesp, _ Vu, 9)

analytical study by means of the Renormalization Group (Bar- 4rGa

bero et al. 1997; Doinguez et al. 1999). We later restrict the@nd Euler’s equation may now be finally written as:

generality further by choosing a curl-free noise and characteriga 1

it statistically by a single functio® instead ofD;;. Frl E(u V)u+ (H-Flu=vViu+s, (10)
The analytical study of the system of EqsL{2-4) is very difyhere we have defined a coefficientvhich behaves as a kine-

ficult in general. Inspired by the deterministic dust case (i.gnatic viscosity and which we cafjravitational multi-stream

p = 0, s = 0), we simplify the problem and put forward the(gm) coefficient (because it has its origin in the interplay be-

assumption of parallelism: we impose the condition that thgeen self-gravitation and multi-streaming flow); it is given
peculiar—velocity is a potential field and remains parallel to ttlg,

gravitational peculiar—acceleration field:

F(t)p' (o)

g=F(t)u, ©) VT InGazo O (11)
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and depends on the density, and explicitly on time thrakigf)
anda(t). As we see from Eq._(10) and (111), the pressure behaves
in Euler's equatioreffectivelyas a viscous force that prevents
caustics in the velocity field, a behavior that essentially requires
the participation of self—gravity. The interplay between self—
gravity and pressure leads to the stabilization of the structures,
and holds them together. We also want to stress that the GM
coefficientdoes noigenerate dissipation, since our starting set
of Eqgs.[2E4) lacks any sort of dissipative term (see Bucheﬁ;t
& Dominguez 1998 for further details about this apparentfy
paradoxical point).

The last step is the elimination of the densityn the ex-
pression of the GM coefficient in favor & - u by means of the
constraint[(8), thus reducing Egs.110) talasedequation for
the velocity fieldu. This equation will be explored in the next
sections.

bi

ih\'

3. The role of pressure: Burgers—like equations Particle displacement

In this section we consider the role of pressure in the dynami€ad. 1. The coarse-graining idea is exemplified in a schematic way
evolution and thus for the time being we drop the noise terfpased on a 2D tree-code simulation (Buchert 1996): the particles are
s(x, ). But before going into the details, it is worthwhile to gegttracted towards the pancake, a multi-stream region containing many
an intuitive picture of how the pressure term affects the dynarffieams (velocities) at a given Eulerian position. The coarsening cell
ical evolution. As remarked above, pressure has in[Eg. (10;0 oWS |n|t|aIIyat.raJectory similar to thgt ofllnd|V|duaI particles. But.
bilizing effect opposing collapse. But this effect holds ev rs‘ he cell moves into the pancake, the kinetic energy of the bulk motion
.Sta ! . 9 bp 9 p ) . % gradually transformed into internal kinetic energy, and its trajectory
”? regimes Wher_e the assumptlons leading to [Eg. (10) (esegéomes qualitatively different from that of a particle.
cially the parallelism assumption) break down: Eig. 1 shows the

evolution of coarsening cells in a simulation and how velocity o _ _ _
dispersion influences their motion. mode of the density field in the linear regime of the determin-

Different relationships between pressure and density yidflic dust case, one has = 4rGo,b/b (see Eqs[{BIA-B15)
different o—dependences of the GM coefficient. In this sectidf Appendix B and discussion thereafter). Hence, defining a
we will concentrate on p0|ytropic modqsz K;Q’Y, wherex is NEW VE|OCity fieldv = u/ab and USin@ to define a new time
constant and is the polytropic index. The prefactarshould Variable, Eq[(I3) can be written as:
be small enough so that the parallelism assumplibn (6) is gp; o
proximately satisfied on the length scales we are interested j; + (V- V)v = —pNV=bV v = ol (14)
and it should also satisfyy > 0 in order to fulfill the condition
p'(0) > 0. The choice of polytropic models is interesting beWWheny = 2, this equation becomes the 3D Burgers’ equation
cause we are able to recover well—-known approximations in cé8urgers 1974) (except for the time—dependence of the GM
mology (Zel'dovich’s approximation, theticky-particlemodel coefficienty). In the cases +# 2, we are dealing with general-
and the adhesion model) as well as other interesting modé%gtions of Bl:y{%]gers' equation. We now discuss several cases for
and we can understand them within a single equation. With th¢ choice off.
form of p(p), Eq. [Z0) becomes

ou 1 e Zel'dovich’'s approximation

—+-(u-V H—F)u= T2V . (12

ot + a(u Jut( Ju AnGaz® b (12) If one chooses = 0, theny = 0 and Eq.[(I#) reduces to

We use now Eq[{8) to eliminatein place ofV - u, and since gv

V2u = V(V - u) (becaus&’ x u = 0) one getd: o5 TV V)v=0, (15)
ou 1 which corresponds to the well-known Zel'dovich’s approxi-

_ - ~1
(u-Vjut (H - Flu=-0V[L=5V-u]"" (13)  pation: that approximation is equivalent to a subclass of La-

~ 1 grangian first—order solutions, the subclass being just defined
wherev = kg, /(v — 1)a and = F/4nGag, are func- py our assumptior]6) (see Buchert 1989, 1992). The dynam-

tions which depend only on time. This equation can be furthply| evolution governed by this equation generically leads to
simplified as follows: making explicit use &ft), the growing

o ta

4 The names given below to some of the models stem from ther-
® Eq.([@3)isvalidfory # 1.1f v = 1, one has a logarithmic function modynamical notions; we kept those names but do not imply that we
instead of a power on the right-hand-side of Eq]. (13), seé Eq. (17)describe situations in thermodynamical equilibrium.
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the formation of singularities where the velocity field is multi-Adiabatic model
valued (Arnol'd et al. 1982). For this modely = 5/3 and Eq.[(I4) becomes

Adhesion approximation % +(v-V)v=—pV[1-bV-v]?/3. (18)

With the choicey = 2, the GM coefficient is independent of th . . . . . .
density, and Eq({14) becomes Burgers’ equation with a timeefbe interesting point about this choice is that there are physical

o L reasons to prefer this model over any other one in the early stages
dependent “viscosity™ of LSS formation: Buchert & Dofimguez (1998) show how this
% L (v-V)v = ubVv . (16) form of p() can bederivedfrom dynamical considerations.
This equation is formally equivalent to the so—called “adhesi
approximation” (Gurbatov et al. 1989; Weinberg & Gunn 1989),
aside from the time—dependence of the GM coeffifient By choosingy = 4/3 we recover the “cosmogenetic” model

Lettingx — 0 (which impliesy; — 0) in this model, we get (Chandrasekhar 1967):

maximal adhesion and the large—scale structure is built fro a
skeleton of the “honeycomb-type”: the evolution is governed +(v-V)v=—pV[1-bV-v]'/3. (19)
Zel'dovich’s approximation, Eq.(15), everywhere except at th
singularities, which become shock fronts. This limiting moddihis model is of interest because it is the only polytropic model
is known assticky-particlemodel, for which geometrical con-compatible with comoving hydrostatic equilibrium, i.e., with
truction methods have been developed (Pogosyan 1989; Kb solutions of Eqd.[2+H4) correspondinguc= 0, so that the
man et al. 1992; for review see Sahni & Coles 1995). In otgmporal evolution of the gas simply follows the expansion:
derivation this limit implieg — 0, i.e., vanishing velocity dis- EQ.[2) yieldso(x,t) = a~*(t)oo(x), Eq.[4) then becomes
persion. It must be noticed, however, that this limit is singulag(x, t) = a~2(t)go(x). The hydrostatic equilibrium condition
if p = 0 strictly, then we would recover Zel'dovich’s approxi-follows from Eq. [8) (dropping the noiseYy.p = apg. Combin-
mation, which is qualitatively different from the sticky-particléng this condition with the polytropic relationship yields
model. Therefore, a non—vanishing, though very small, veloc- _,

osmogenetic model

-1 —4
ity dispersion isrequiredto recover typical properties of the”™ o Veo=a""00go (20)
adhesion model. which can be satisfied only if = 4/3. (Obviously, the state
of comoving hydrostatic equilibrium itself is incompatible with
Isothermal model the parallelism assumption).

_ ) o To conclude this section, one can conjecture that Burgers—
This model corresponds tp= 1 and is mostly studied in con- jike equations[{14) lead quite generically in the limit> 0 to
nection with the linear theory of gravitational instability (SinCghe same picture: the dynamical evolution would be governed
linearization of the pressure termin Elg. (3) amounts to choosiggnost everywhere by Zel'dovich’s approximation except at the

v = 1). Eq.[12) yields: caustics, where the right—hand—side of EqJ (14) would dominate
ov K the evolution and a shock structure would be formed (known as a
25 TV VIv= " a2 Vin(l—bV-v). (A7) «pancake”in the cosmological literature). Only the details of the

It is worth mentioning that EG_{12) particularized{o- 1 re- density and velocity profiles in the neighborhood of pancakes

sembles the Navier—Stokes equation with respect to the dendf Id depe?‘d on. It IS anopen questlon whether and in which

dependence of the GM coefficient. cases veI(_)C|ty q|sperS|qn anq self—gravity could balance to form
As pointed out in the introduction, @z (1988) has shown stable soliton-like configurations.

that the asymptotic state of this model in one—dimensional space

and neglecting the expanding background is a collection of sali- The role of noise: emergence of a KPZ—-like equation

tons. On the other hand, parallelism is not an approximation

an exact relationship in one dimension (although the prop Z5me back to EqE{7) and introduce a velocity potentiat, ¢)

tionality coefficient will be in general a function of timend o . . . .
position). Hence, one can expect that Eql (17) leads to a si hlltou?hhli :I ;rV:bti(SInncle t_qu Earallehsm assumptidd (6) im-
lar picture to that obtained from the adhesion model, which hes thatu Is irrotatio al). The

in turn consistent with that offered byd&: the shock fronts, {az/; 1

ut . . . . .
Zq_tms section we consider the dynamical effect of noise. We

2

stabilized by velocity dispersion, will play the role of solitons.” | 5y — %(Vﬂ’) +(H - F)| =
® In an Einstein—de Sitter background cosmoldgy < b~> and 1 gd P (y)

thus the GM coefficient in EJ_{16) approaches zero as time goes by. /Qb Y N

Remember also that in the adhesion approximation the constant coeffi-

cientwas introducead hocto phenomenologically model gravitationalWWe now make the assumption that the naisis a potential

sticking of particles as observed in N-body simulations. forcing, i.e., that there exists a (stochastic) potentsiich that

(21)



348 T. Buchert et al.: Extending the scope of models for LSS formation

s = —Vn. This stochastic potential will be chosen Gaussiarbe viewed as the first term in a Taylor series that approximates

distributed with zero mean() = 0, and correlations given the integral expression.

by Eq.[26) is the simplest equation fgr that we can write
(still containing the main ingredients that enter into the physics

(n(x, t)n(x’,t')) = 2D(x,x, £, t') . (22)  of the self-gravitating gas we are describing), although as we

The assumption of potential noise can be motivated by the fé{‘@p see, it already entails a considerable degree of complexity.

that in the linear regime only the potential component of the
noise contributes to the growth of perturbations by gravitationdll. Discussion of Eq_{26)

instability (see Sedf] 5 and Ef. (B7) in Appendix B). If the nOISFhis stochastic partial differential equation is first order in time

had a non—potential component, it would generate vorticity in . L : .

o . . ! and second order in position; it is also non—lineapiand the
the velocity fieldu and would invalidate the parallelismassump-_~ =~ . : .
tion coefficients of the different terms are functions of time. The

After inserting this stochastic force into EQ.121), integragjysmaI meaning of each term is transparent:

. X - . . . a) The term proportional t¢o encompasses the competition be-
ing, dropping an irrelevant additive function of time and chan . . .

. : ) o een damping of perturbations due to the cosmological expan-
ing from o to § in the integral, one obtains:

sion, (H+)), and enhancing of perturbations due to gravitational

oy 1 9 collapse, ¢ Fy). This term introduces a time—dependent time
ot %ww +(H - F)yp = scale|H — F|~1, which is the time scale for the damping (or
1 /9 P (o(1+7)) enhancing) of perturbations in regimes where the nonlinearity
= / Tty +7. (23) is negligible.
J0O

(b) The term proportional to the Laplacian describes the damp-

On the other hand, the constraink (8) can be converted intoiag of perturbations due to velocity dispersion. This term defines

equation relating the velocity potentialand the density con- a time—dependent (comoving) length scale, Jeans’ length,

trastd, that is 1/2
' (ov) }

Lj:= { 27
d(x,t) = Z167,5((:))(t)VQw(x, t) . (24) 4 Ga? oy
7I
o which is discussed in Appendix B, after Hg. (B12).
Inserting this equation into Ed.(23) above then yields a noge) The non-linear term is the convective term in Euler's equa-

linear partial differential equation for the velocity potential (aftion (3). The effect of this term is to broaden the peaks in the

ter specifying the matter modg(p)) given by: field 4. (An intuitive picture of how a term lik¢V+)? behaves
o 1 can be found in Baratsi & Stanley 1995, Fig. 6.2).
— — (V) 4+ (H - F)Y = (d) The noise term incorporates the effects of fluctuations due
ot 2a P to different sources and leads to a roughening of the fieid
1 /‘”G“@bv v gy P2 +y)) n (25) SPace and in time as it evolves.
A 1+y ' Eq.[26) describes what is known in the condensed matter

iterature as interface growth phenomena, but with two added

There are two sources of non-linearities: the convective (a‘ﬁ%redients which are substantive to cosmology: the presence

. . . 5 .
knownin the literature as advective) tefWiy)” and the integral of time—dependent coefficients due to cosmological expansion,

arising frpm the pressure force. To proceed.further we neggd the presence of a term proportionaltonvhich in the con-
anletxpllqt exgr?sslon fSp (o) to evaluatI(Ea the éntegral. For da.ltext of condensed matter physics is interpreted as a finite, al-
foy ropflc;hmo etpt_' ~e ,lon?hrecov_erst @A),gxpressed 'Beit time—dependent, correlation length. This equation (Berera
tﬁrmsg ftehpo en _|ay;, P ust_ € noise term. AS ; ';Cltjstﬁe aé‘ Fang 1994; Barbero et al. 1997) is then a generalization to
€ end of the previous section, one may expect that the grgaﬁmological settings of the KPZ equation (Kardar et al. 1986,

features Of the LSS emerging from thesg modglslare insens'@'fratﬁsi & Stanley 1995) for surface growth. In principle, one
to the particular equation of state= p(e) in the limit of small could use techniques similar to those used there to study this

pressure a'nd that qnly the fine details depgnd on 't we the,refgﬁ%ation, but it turns out that complications arise as a conse-
simplify th_|s equation f_urther by expanding the mteg_ral n auence of the time dependence of the coefficients. Because of
Tay"l)tf Series atf‘d k_eepw;fg otr;:y thetl_owlest (;]rd_er te_mi\. The this, the first thing one thinks of is to perform changes of vari-
resulting equation isxactior the particular choicg = o™ ables that will bring the equation into an equation with constant
oy 1 ) Fp'(0p) s coefficients from which one can later on proceed with the anal-
ot " g (VO H - F)p = mv Y+n. (26) ysis. With this in mind we rewrite EJ_{26) as

As remarked in the previous section, this choice leads to tHY = [tV + lfQ(t))\(wa + fi)w +1, (28)
adhesion approximation, which is in fact postulated on a simil& 2 T

reasoning: it is the simplest way of modelling sticking particleshere we have defined the following dimensionless functions
(Gurbatov et al. 1989). Hence, the adhesion approximation a#rtime:
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£(t) = 1 F(t)p'(0v(t)) (29) Dominguez et al. 1999). Here we content ourselves by quoting
v4rGa2(t)op(t) ’ the conclusions. The KPZ equation exhibits self-affine (i.e., in-

variant under rescaling of position, time, and field) correlations
fa(t) = 1 , (30) in the large-distance, long-time regime, and the massive KPZ
Aa(t) equation, Eq[(33), can also exhibit this behavior. In particular,

f5t) = [F(t) — HO)IT . (31) the equal-time two-point density correlation function obeys in

such case the scalifg(x, t)d(x’, t)) ~ |x —x'|>X~*, wherey

is theroughnes&xponent, which can be computed by means of
the Renormalization Group. This result shows that noise may
be relevant in that it can induce the generation of self-affine
correlations in a self—gravitating collisionless gas, even if the
initial conditions are not self—affine.

The dimensional parameters\, T'are (in principle) introduced
as bookkeeping quantities to carry the dimensions.

Defining a new time coordinate a new velocity potential
U(x,7) and a new noisé(x, 7) via

t
f2 P
(0= [ dh), v=Pu. =T, @
() to 1) fi fi 5. The linear theory revisited
allows one to recast this equation into: The strongest assumption that we have made has been the paral-
oW A lelism hypothesid {6), motivated by the well-studied dust case,
e DAVEL S §(V\I/)2 —r(n)¥+¢, (33) where itis justified in the linear and weakly nonlinear regimes.
T In this section we will study the linearized version of the system
where of Egs. [24) to find out how well this assumption is justified in
1 dfi(t(r) 1 dfs(t(r)) the presence of pressure and noise.
r(r) = - - The linearized Newtonian cosmological equations around
f(n)  dr fo(t(r)) dr X
the unperturbed FL background (i.é.,= 0, u=0, g = 0)
1 f3(t(7)) :
— ) (34) read:
Fi(t(r) e Continuity equation:
The above equation is a “massive” KPZ equation, but with th§6 1
peculiarity that the coefficient of the term proportionaltgthe — + -V -u=20; (35)

“mass” term) depends on time: one has a standard KPZ equat? n ¢

if »(7) = 0, time—dependent damping of the surface growth #Euler’s equation:

r(T) > 0, or explosive unstable behavior fofr) < 0. u 7 (ov)
Due to the noise term in EG.{B3), the fieldwill develop — +Hu=g—

dynamical correlations in addition to those due to the initial con- “

ditions. If the nonlinearity were neglected in Hg.(33), the effeetNewtonian field equations:

of noise Would_ s_im_ply be t(_) superimpose G_auss_ian fluctu_atioe,s g — —drGagys, Vxg=0. 37)

on the deterministic evolution. But the nonlineaigguples dif-

ferent length scalesso that the evolution at any given scale Since the noisa(x, t) has vanishing mean and the equa-

also receives a contribution from fluctuations on other scaléiens are linear, the general solution can be split into the sum

Eg. (33) implicitly involves a coarse-grained description anaf the averaged field&), (u) and(g), obeying the determin-

thus a smoothing length scale, so that the nonlinear couplisgc version of the Eqd.(35-87) (i.e., settiag= 0), plus a

promotes the phenomenological coefficients\, r (and the fluctuating part which is a linear functional of the noisel'he

noise itself) into scale—dependent quantities. dynamical evolution thus follows a deterministic trajectory with
The correlations induced by noise can be obtained by me&wussian fluctuations superimposed on it, but these corrections

ofthe Renormalization Group (Gell-Mann & Low 1954, Binnewvill be small if the noise intensity is small. The detailed study

et al. 1993, Weinberg 1996), via the computation of the scalef-this system of equations is performed in Appendix B. The

dependence of the coefficients. The fact th@at) depends on main conclusions for our purposes are the following:

time again complicates the application of the Renormalization (i) The average vorticity of the peculiar—velocity is damped

Group. However, ifr(7) happens to be independent ofor by the background expansion, evenpif£ 0, and thus(u)

if an adiabatic approximation is justified (i.e.,s{r) varies becomes asymptotically a potential fieldtas: +oc.

very slowly on the time—scales associated with the dynamical (i) The parallelism assumptiofl(6) gets modified due to

evolution prescribed by (33)), then one can to some degreepoéssure. When the lowest order correction is included, we find

approximation neglect the-dependence of 7) when applying thall

the Renormalization Group. In Appendh a detailed study of P (0))Fi(t)

this question is carried out. (8) ~ Fo(t)(u) — Wv2<u> : (38)
Under the adiabatic assumption, application of the Renor- T 0

malization Group is straightforward albeit analytically cumber-8 The notation and the assumptions leading to this expression are

some, and has been carried out elsewhere (Barbero et al. 189p@tained in Appendix B.

Vé+s; (36)
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This equation shows that corrections to parallelism in the avamedependent. Our starting point is Eq.[34):
age motion are negligible in the limit of small pressure far from

caustics (i.e., wheréu) is a smooth field an&2(u) does not ,(r) = L dh(t(m) 1 dh(t() _
diverge). Thus, pressure becomes important in pancakes, where H(r)  dr fa(t(r))  dr

parallelism no longer holds and the assumptions of small and _ f3(t(n)) (A1)
isotropic pressure break down. Tfi(t(1))

_ The functionF" in the definitions [[29-31) obeys E§.(B14) of
6. Conclusions Appendix B. Therefore:

In this paper we have put forward the set of Eg8.l(2-4) as Bdf, 4nGo,
new, phenomenological approach to the problem of LSS fof - = — 7 F—3Hoy
mation. The difference with regard to similar approaches lies n
the interpretation of these equations as describing the dynamigalif,
evolution of thecoarse—grainedieldsd, u andg, which is the fo dt =4 (A3)
origin of the pressure—like force and of the fluctuations (noise).
We have shown that under the parallelism assumpfibn (8)serting these results into EQ. (A1) yields
the pressure force gives rise to a viscous-like force of the same 0 "
character as that of the adhesion model, which is a succesgful 27&22 {MGQ” +2(H — F) — 3Ho,L () . (A4)
model on large scales. As is also known in the context of the ad- £’ (2s) F P'(ov)
hgsion model, the limit of vanishing pressure is §ingular: Modeds, the other hand, one can identify two time scales in[Eg. (33):
with no prgssure;(: 0 exactly) arequa!ltatlvelyd|ﬁ¢rentfrom a time scale due to expansion
models withp #+ 0. Therefore, even if pressure is very small
(seemingly negligible), one should not get 0. da\ ! fi
We have also considered the effects of fluctuations. Underr ‘= @ (ch) ~ g
the parallelism assumption, the problem can be cast into a mas-
sive KPZ model of surface growth phenomena, which can exad an intrinsic time scalg,,; := |r|~*. Iftherelativevariation
hibit self-affine correlations because the noise can be relevaftihe coefficientr(7) on these time scales is small, then an
even if it is vanishingly small. Hence, the limit of vanishingadiabatic approximation is justified andtan be considered to
noise is also singular and the same warning as with pressbeesa slowly varying function of time. To quantify this statement
applies. we defineadiabatic indicesas
Finally, we have explored the plausibility of the parallelism

p"(ov)

p'(op) '

(A2)

(A5)

assumptiori{6) by studying the linearized equations and reacted, := Tc.p EZL = Hig ) (A6)
the conclusionthatitis justified far from caustics and close to the rar rdt
limit of vanishing pressure and noise. In fact, given the num- 1 dr 1 dr
ber of assumptions we have made, there is plenty of roomHie,: := Tin: ol F% (A7)

generalize the results presented here: relaxing the parallelism

assumption, generalizing the equation of sfate p(¢), mod-  The adiabatic approximation then requifs,,, E;,; < 1. We
elling multi-streaming by an anisotropic stress—terdsgrin 0w discuss it for various background cosmologies.

Eq. (3) rather than by a pressure force (see, e.g., Maartens et

al. 1999), as well as performing a full Renormalization Grou ) ) ]

analysis with time—dependent coefficients. -1. Einstein—de Sitter background (= 0, A = 0)

Furthermore, we have given the formal hydrodynamical b@ye first study the simplest case, for which
sis onwhich to anchor future studies leading to an understanding

of various scaling relations found in the context of LSS. ( t )2/3 ) 2 1

a(t) = i t) = —, op(t (A8)

; 3t () = 6mGt2
Acknowledgements/Ve would like to thank Herbert Spohn for valu-

able discussions. Thomas Buchert acknowledges support by fem Eq.[BIY) of Appendix B we find that = ¢~*. Taking
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(A9)

We are interested in polytropic models= xo”, for which the
Appendix A: adiabatic approximation previous expression becomes

. . . . y—1(1 _ )
In this appendix we explore under what conditions the coeffiy,, _ 467G) (1 —7) \2(3y-1) (A10)

cientr(7) in Eq.[33) can be considered approximately time— 357153/3
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is measured in units af0—*(1— Q0)h* Gyr 2, and time is measured up to the epoch of maX|mum expansio: is measured in units of

in units of Qo (1 — Qo) A" Gyr. 3(Qo — 1)h? Gyr~2, and time is measured in units 6 (2o —
1)_3/2h_1 Gyr.

We extract some interesting conclusions: for the isothermal

model,y = 1, we getr = 0 exactlyand Eq.[(3B) reduces to aexpansion raté vanishes. This is, however, physically unin-
bona fideKPZ equation. For the cosmogenetic moglet 4/3,  teresting. At epochs < 10h~! Gyr and with the conservative

we getr(t) = ro < 0 independent of time. For other mattebound(, < 2, one findsE;,; < 0.5 and the same remarks
models we have apply as in the undercritical universe.

_ Hence we conclude that within the physically interesting
3y — 4| ALL) A -
3y — 1] ( range of val_u_es of the par_am_ef[ers, an adiabatic approximation

for the coefficient- can be justified.

Eemp = |3'Y - 4‘ s Eint =

Then the adiabatic approximation will be justified whens
close to the cosmogenetic value4gB, in which case: < 0. o .
Appendix B: linear regime

In this appendix we study the linear regime when pressure is
taken into account. The linearized system of Hgd[(35-37) can
In this case we can also obtain explicit expressions for the copé more easily studied in Fourier space. We therefore define the
ficientr and the indice€’...,,, Ein: analytically, but the algebra Fourier transformation (assuming a box of voluiie
is rather involved and the final expressions are best studied nu-
merically. We therefore skip the algebra and go right to the finglx ¢) = 1 Z S(k,t)e k* =
results, particularized to the isothermal moglet «o, because v
this leads to the simplest expression in EQl(A4). - .

In an undercritical universel{ < 0) the coefficient-isa = d(k,t) = / d’x 8(x, t)e™ ™, (B1)
positive, monotonically decreasing function of time. In Eig] A1 ¢
we plot sr versusl. The adiabatic indices are monotonicallynd similar definitions foi(k, t), g(k, t) ands(k, t). In Fourier

A.2. Background cosmologies with # 0, A =0

increasing functions of time but they are bounded: space the linearized Eqfs.1B5}37) read:
32 1 a5 i
0< Boyp <1, —=<FEpy<-— A12) 90 'y s 0.
< p 75 tS 5 ( ) 5 ak u=20; (B2)
1
In the range.2 < Qy < 1 and at epochs < 10h~" Gyr one o (o)

gets0 < E.., < 0.35. Although the adiabatic indices are not + Hi = & + i Ok+5§; (B3)

much smaller than one, one can still work under the adiabatic “

assumption to a first approximation. ik g =4rGaoyd, kxg=0. (B4)
In an overcritical universe{ > 0) the coefficientr is a

negative, decreasing function of time. In FiglA2 we piot We decompose the velocity field into transversal (satis-

versust. The indexk;,,; decreases in time and is bounded:  fying k - a, = 0) and longitudinal components (satisfying
72(972 — 64) 39 k x i = 0), and do the same with the fielgsands. From
W < Ep < = (A13) Eq.[B4) one finds thgg, = 0 and then from Euler’s equation
B (B3) that:
The indexE,,, increases with time and is unbounded: it di-; -
verges at the epoch of maximum expansion because then{%? +Hu, =8, =

" We have introduced Hubble’s constant at the present efiacks

1 K N
0.1h Gyr~*, and the density paramet€ly = 87Goo/3H¢. oy (ko) + / dr a(7)s(k, 7)] (BS)

a(t) to

= ﬁL(k,t) =
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Therefore, the average transversal component of the peculiétaubold et al. 1991) and then computefrom its definition,
velocity is damped by the background expansion even in tBg.[B10). This procedure is, however, algebraically cumber-
presence of pressure (this is not surprising, since pressure da@ae and not very illuminating from the physical point of view
not generate vorticity for barotropic fluids, i.e.= p(0)), and (for some particular values of the polytropic indexhowever
only its fluctuations grow due to the noise. The longitudindhe solution can be written in terms of elementary functions).
componentis obtained from the continuity equationl (B2), while For the purposes of the work presented here, we adopt a
the gravitational acceleration is found from Poisson’s equatidifferent approach. We first define a (comoving) Jeans’ length

B4): Ly by the conditiorUL;1 = 0, yielding
} ia 96 i} 4rGiagy - Pl 177
q P 8 2 J (B6) L;:= [477 Gang} : (B12)

The elimination of the velocity and gravitational acceleratioRrom Eq.[BT) one can easily grasp the physical meaning of this
fields in favor of the density contrast field by means of thesgiantity: density perturbations with> L' are damped in the
expressions yields a closed equation for each migiet) of linear regime by both pressure and expansion, while those with

the density contrast: k < L;* are damped only by expansion (self-gravity dominates
825(k 0 8S(k 0 i ) over press_urg).
"4 9H L~ Uid(k,t) = ——ik-§(k,t) ,(B7) In thg limit of small pres.surd,(, — 0,and the pressure can
ot* ot a(t) be considered a perturbation on scalesc L. Defining the
with small parameter := L?k* (whereL; is Eq. (B12) evaluated
12 at some initial time;), we can write
Up := dnGoy — 1" (o0) , ®8) U _,_ eS(t). St = L5 ap'(e) . (B13)

_ _ _ _ . ArGop L aip'(0:)
Itis clear from this equation that the noise will induce correla- . L
) o nd then carry out a perturbative expansion in powets &f
tions on the density field on top of those that may already be .. . 43
i L " . i . articular, for polytropic models one h&$t) = [a(t)/a;]* >,
presentintheinitial condition. Inthe linear regime, this superp-_,". ; L ; .
L . . . - that is, the perturbative expansion is better at later timessif
sition is linear and weak noise will only induce small Gaussig . :
: ~ L : 3. It should also be noticed that the correction due to pressure
fluctuations of about the deterministic solution. Hence, we ca ) . L
X . % . at a fixed time becomes smaller as the polytropic ingdgrows.
restrict our study to the evolution of the average fiél, which L= s ;
L o . We therefore writeF'(k,t) = " F,(k,t) with the
follows the deterministic evolution (i.e., EG{B7) dropping the _ I ditions £ (k Fk n 9F (K
noise). This evolution is, however, different from the dust caljytial conditions o(k,t;) = F(k,t;) and £y (k, t;) = 0,n >

because of the pressure term. In the rest of the appendix we dfop™@M EA-(BIL) one finds

the noise source from this equation and understandtinaans 9Fo 2
(8), and the same with the other fields. o~ AnGe = HEy =Ly, (B14)
We are particularly interested in the justification of the pag r; )
allelism condition, Eq[{6). From Eq5.(B6) one can easily findg; — —(H +2F)F1 + SFy (B15)
a relationship betweea andg;:
Fy obeys the equation of the well-studied pressureless case

where (Peebles 1980). As— oo it becomes independent bf(i.e., it

- -1 forgets the initial conditions) and there is parallelism in position
F(k,t) = 4nGoy(t) 6(k, 1) (35(k»t)> (B10) Space. The_asymptoticf(_)rmﬁt) isto t_Je identifi_ed withF(¢) in

ot the parallelism assumption (EQ] [6] in the main text), and turns

_ o _ _ out to be given agy = 47rngb/I}, whereb(t) is thegrowing
The equation satisfied by can be easily found from Eq. (B7): modesolution of Eq.[BY) when particularized to the dust case,
~ p = 0. F; can be computed ondg, is known:

OF ~ Ur =9
P 4nGoy — HF — P, (B11) ' t
ot 4nGoy, Fi(k,t) = / dr S(T)F(k,7)e J- @0 HO)+2F (0] (B16)
(i.e., a Ricatti equation). There is parallelism in position space b
between andg if F does not depend dt a necessary condi- Notice that the whole dependence % on k stems from/;
tion is thatl/, be alsdk—independent (i.e., there is no pressure and hence from initial conditions, which is also true for every
Therefore, not surprisingly, pressure destroys parallelism, But)- The study of this expression can be carried out analyti-
the deviations decrease as one goes to larger scales. cally for polytropic modelsp = «”, in an Einstein—de Sitter

The exact solution to EJ(BL1) is difficult to obtain. FoPackground. In this case the functiép is
polytropic models in an Einstein—de Sitter backgrouRid=€ 0, t5/3 4+ 2A(k)
A = 0) one can solve EJ_(B7) in terms of Meijer’s G—functiond0(k:1) = t8/3 —3A(K)t

(B17)
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with A(k) given by the initial conditions. For polytropic modelsBildhauer S., Buchert T., 1991, Prog. Theor. Phys. 86, 653
the functionS(¢) comes down to the simple expressigtt) = Binney J.J., Dowrick N.J., Fisher A.J., Newman M.E.J., 1993, The

(t/t;)®/3>=27. Inserting these results into EG.{B16) then yields ~Theory of Critical Phenomena. An Introduction to the Renormal-
ization Group. Oxford Science Pub.

Fy(k,t) Buchert T., 1989, A&A 223, 9
t_§+2ﬂ{t2/3 3 - Buchert T., 1992, MNRAS 254, 729
_ i [ (t%—% _ té—Q‘Y) + Buchert T., 1996, Lagrangian perturbation approach to the formation
[t5/3 —3A(k)]? |13 — 6y ! of large-scale structure. In: Bonometto S., Primack J.R., Proven-
12A(k) £ gy B2y zale A. (eds.) Proc. International School Enrico Fermi, Course
+m (t3 —1; ) CXXXII, Dark Matter in the Universe. I0S Press, Amsterdam,
p. 543
+ A(k)? (2 — t}?v)} (B18) Buchert T., Doninguez A., 1998, A&A 335, 395
1— 2y ’ ’ Burgers J.M., 1974, The Nonlinear Diffusion Equation. Reidel Pub-
. . . lishing Company
with the understanding that terms like" — ¢)/a should be  changrasekhar S., 1967, An Introduction to the Study of Stellar Struc-
substituted byog(t/t;) whena = 0. ture. Dover Pub.
Ast — +o0, one has the asymptotic behavidigk,t) = Dominguez A., Hochberg D., Mdrt—Garéa J.M., Brez—Mercader J.,
t~1and Schulmann L., 1999, A&A 344, 27

5 . 39y 13 Ehledrs J., BuchertT., 1997,d(k3)en.kRefI. Gra\é. 29,733 o
Gardiner C.W., 1994, Handbook of Stochastic Methods. Springer—
Gell-Mann M., Low F.E., 1954, Phys. Rev. 95, 1300
1/¢\ 8 " 13 Gotz G., 1988, Class. Quant. Grav. 5, 743
Fi(k,t) = — (> log <) ;o (= g) : (B20) Gurbatov S.N., Saichev A.l., Shandarin S.F., 1989, MNRAS 236, 385
ti \ti ti Haubold H.J., Mathai A.M., Nicket J.P., 1991, Astron. Nachr. 312, 1
Hui L., Bertschinger E., 1996, ApJ 471, 1
Kandrup H.E., 1980, Phys. Rep. 63, 1
Kardar M., Parisi G., Zhang Y.-C., 1986, Phys. Rev. Lett. 56, 889
Kofman L.A., 1991, In: Sato K., Audouze J. (eds.) Primordial Nucle-
= _ 272 2712\27 & osynthesis and Evolution of Early Universe. Dordrecht Kluwer,
g(k,t) = [Fo(t) + k“L; F1(t) + o(k“L;)?) u(k,t). (B21) 0. 495
Assuming that the velocity field is smooth (and in particular KofmanL.A., Pogosyan D.Yu., Shandarin S.F., MelottA.L., 1992, ApJ
not vertical or multi-valued), such thatdecays fast enough  393.437 ) o _
whenk — oo, we can Fourier transform this expression baéﬂfshltz E.M., PltaevsI§|| L.P., 1980, Statistical Physics, Part 2. In:
to position space and thus obtain the following relationship bﬁ- Course of Theoretical Physics. \ol. 9, Pergamon Press

i itati | lerati dth tential z?artens R., Triginer J., Matravers D., 1999, accepted for publication
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It must be noted that both, and F; forget initial conditions
and thus become asymptoticallyindependent, sothat EG.(B9)
yields
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- 72 2 ton Univ. Press
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