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Abstract. We derive relations between the pressure, density,
magnetic field strength, velocity, and other quantities across
shocks for the case of longitudinal tube waves. Due to the extreme coupling of the Rankine-Hugoniot relations for this type
of waves, these relationships cannot be given separately as function of a given shock strength Ms , contrary to the case of acoustic waves. In case of weak shocks, however, those relationships
can successfully be decoupled and evaluated. In this paper, the
analytic expansion for these amplitude relations are given. We
also compare our analytical results with numerical results for
shocks of small and moderately large strength. Comparisons are
given for cases with different values of plasma-β.
Key words: Magnetohydrodynamics (MHD) – shock waves
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1. Introduction
Magnetoacoustic wave propagation in thin magnetic flux tubes
in the last two decades has been extensively studied (Defouw
1976; Roberts & Webb 1978, 1979; Wilson 1979, 1980, 1981;
Parker 1979; Wentzel 1979; Spruit 1981a, b, 1982; Roberts
1983; Edwin & Roberts 1983) particularly in the case of negligible gravity. These treatments usually start from the linearized
MHD equations valid for tube geometries. In the case of zero
gravity, the wave equation is solved in terms of a wave moving along the vertically-directed tube axis, where the horizontal
variation is described in terms of Bessel functions both inside
and outside the tube. Suitable matching at the tube boundary allows the construction of the complete wave solution. There are
several wave types possible (see Spruit 1982; Edwin & Roberts
1983): a torsional mode, kink modes and a longitudinal mode.
The longitudinal tube wave is the only one of these modes
which is compressive and therefore closely resembles acoustic tube waves (i.e., acoustic waves in prescribed generalized
geometry) in its propagation characteristics. For situations of
non-negligible gravity, these waves have first been studied by
Defouw (1976), who assumed an isothermal atmosphere. This

study was subsequently generalized by Roberts & Webb (1978)
to non-isothermal atmospheres. In both investigations the pressure perturbation and thus the wave in the medium outside the
flux tube was neglected to make the problem feasible.
A systematic comparison of longitudinal tube waves, acoustic tube waves and ordinary acoustic waves in plane-parallel geometry has been given by Rae & Roberts (1982) and by Roberts
(1981, 1983) for the linear regime. In the work of Herbold et al.
(1985) such a comparison was made for the non-linear regime.
As the previous authors, Herbold et al. found that the longitudinal tube waves are similar to plane acoustic waves and particularly to acoustic tube waves. A main property of all three
waves is that they easily form shocks. The main difference between the longitudinal tube waves and the acoustic tube waves
is the variation of the tube cross section. While for acoustic
tube waves the tube cross section remains constant, the cross
section of the magnetic tube varies during passage of longitudinal waves with the wave phase. It expands or contracts in a
time-dependent way while maintaining pressure balance with
its surroundings. As shown by Lighthill (1978), the distensibility of the tube augments the pressure as restoring force resulting
in a decrease of the “spring constant”, which in turn reduces the
propagation speed of longitudinal waves compared to acoustic
tube waves.
The shock formation property of longitudinal tube waves is
particularly interesting for the problem of chromospheric and
coronal heating. Observations of solar and stellar UV and X-ray
fluxes (e.g., Linsky 1980; Vaiana et al. 1981) have shown that for
chromospheres, transition regions and coronae of rapidly rotating stars magnetic heating mechanisms must be present. Recent
results from Doppler imaging further indicate that conglomerates of flux tubes may also be responsible for stellar magnetic
spots, an important contribution to inhomogeneous magnetic
surface structure (e.g., Solanki 1996). With respect to the heating of magnetic flux tubes, longitudinal tube waves are a prime
candidate (e.g., Narain & Ulmschneider 1990, 1996). Fawzy et
al. (1998) recently presented heating models for the solar magnetic chromosphere assuming flux tubes of different spreading.
These flux tube models indicate the heating potential of longitudinal tube waves for different wave parameters and different
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spreadings for the tubes as function of height. Recent results
for the heating of two-component chromospheres (i.e., acoustic
and magnetic) for K2V stars with different levels of magnetic
activity are given by Cuntz et al. (1999). The results show that
the calculated models can nicely reproduce the observed Ca II
emission — stellar rotation relationship. The close similarity between acoustic waves and longitudinal tube waves also extends
to the mode of wave energy generation in the stellar convection zone (Musielak et al. 1989, 1994, 1995; Ulmschneider &
Musielak 1998).
Because of these reasons, it is very important to understand
the heating properties of longitudinal tube waves in analytic
approximation. In this paper, we study the relationships between
pressure, density, magnetic field strength, velocity, and other
quantities across shocks for the case of longitudinal tube waves
for prescribed values of the shock strengths. We find that these
relationships can only be given as decoupled equations in case
of weak shocks. In Sect. 2, we give the magnetohydrodynamic
equations. The amplitude relations are derived in Sect. 3. In
Sect. 4, we compare our analytical results with numerical results
for shocks of small and moderate strength assuming different
values for plasma-β. The conclusions are given in Sect. 5.
2. Magnetohydrodynamic equations
We consider a thin, vertically directed magnetic flux tube in a
solar/stellar atmosphere, which is embedded in a non-magnetic
external medium. Following Herbold et al. (1985) the magnetohydrodynamic equations in the thin flux tube approximation
can be written
∂  ρu 
∂ ρ
+
=0 ,
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∂z B
∂u
∂u 1 ∂p
+
+g =0 ,
(2)
+u
∂t
∂z
ρ ∂z
B2
= pe (z) ,
8π
∂S
dS
∂S
+u
=
.
∂t
∂z
dt Rad

p+

Eliminating B, the system of four equations (1) to (4) is
reduced to three differential equations (2), (4) and (7) for three
unknowns: two thermodynamic quantities, e.g. ρ and S, and the
velocity u. These equations can be used to find time-dependent
solutions of longitudinal wave propagation which can be obtained by the method of characteristics (Herbold et al. 1985).
For recent examples see Fawzy et al. (1998) and Cuntz et al.
(1998, 1999). These calculations have been based on the ideal
gas law
p=ρ

<T
µ

.

(8)

Here < is the gas constant and µ the mean molecular weight
taken as 1.3 g mol−1 (neutral gas). The adiabatic sound speed
cS and the tube speed cT are given by
c2S = γ
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ρ

1
1
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respectively, where γ is the ratio of the specific heats. Eqs. (1),
(2), and (4) are however not valid across shocks, which are
essential for the energy balance of flux tubes. Here the RankineHugoniot relations must be solved instead.
3. Amplitude relations for shocks
3.1. Rankine–Hugoniot relations
Now let us discuss the shock properties of longitudinal flux
tube wave. Shocks are formed when waves propagate through
a medium of decreasing density, a phenomenon also found for
acoustic waves. The Rankine–Hugoniot relations for longitudinal tube waves are given by (Herbold et al. 1985)

(3)

ρ1 A1 v1 = ρ2 A2 v2 = j ,

(11)

(4)

A1 (ρ1 v1 2 − 2pe + 2p1 ) = A2 (ρ2 v2 2 − 2pe + 2p2 ) ,

(12)

1
1 2
v1 + H1 = v2 2 + H2 .
2
2

(13)

Here ρ is the density, p the gas pressure, S the entropy, u the gas
velocity and B the magnetic field strength in the tube. They are
functions of height z and time t. pe is the gas pressure outside
the tube and g is the gravity, which are both functions of z only.
The Alfvén wave speed cA is given by
B
.
(5)
cA = √
4πρ
By introducing plasma-β, we find
2p
1
p
= 2 ,
=
β=
pe − p
−1
ρcA
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(6)

where  = pe : p is the ratio between the external and internal
gas pressure. With Eqs. (1), (3), and (5) the B derivatives can
be eliminated, and one obtains
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u dpe
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− 2
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cA ∂t
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Here ρ1 is the density, A1 is the tube cross section, v1 the gas
velocity, p1 the gas pressure and H1 the enthalpy in front of the
shock. Values with index 2 refer to the state behind the shock. j
is the mass flux and pe the gas pressure of the field free region
outside the tube. The velocities v1 and v2 are measured in the
frame that moves with the shock. The transformation of the gas
velocity from the laboratory (Euler) frame into the shock frame
is given by
v1 = u1 − Ush , v2 = u2 − Ush ,

(14)

where Ush is the shock speed in the laboratory frame. We also assume for the gas velocities u1 , u2 the identity u2 = −u1 = um
with um as velocity amplitude, implying that the mean velocity
at the shocks (Euler frame) is zero.
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The shock strength (or Mach number) Ms is given by
Ms =

Ush − u1
= 1 + α̂ ,
cT 1

(15)

where u1 and cS1 is the flow speed and sound speed in front
of the shock, respectively, and α̂ is the residual shock strength
for weak shocks. This definition deviates slightly from the case
of acoustic waves (e.g., Landau & Lifshitz 1987), because here
the Mach number is given in terms of cT 1 instead of cS1 . The
reason is that for very weak shocks, i.e. α̂ → 0, it is found that
the shock speed Ush approaches the tube speed cT 1 instead of the
adiabatic sound speed cS1 as for acoustic waves (see Appendix
A).
The enthalpy H1 in front of the shock is given by
H1 =

γ p1
c2S1
=
γ − 1 ρ1
γ−1

(16)

with an equivalent expression holding for H2 . Because of the
magnetic flux conservation
B1 A1 = B2 A2 = BA = φ = const ,

(17)

we find by using Eqs. (5), (6)
p e − p1 =

φ2
1
p1
ρ1 c2A1 =
=
2
8πA1
2
β1

(18)

with cA1 as Alfvén speed and β1 the plasma-β in front of the
shock. Again, equivalent expressions hold for the state behind
the shock.
3.2. Analytic expansions for weak shocks
It is the main goal of this paper to relate the jumps in pressure,
density, temperature, and other quantities across shocks to the
shock strength Ms . As in the case of acoustic waves1 , we introduce Φ = p2 /p1 , Θ = ρ2 /ρ1 , Ξ = T2 /T1 , and Ω = A2 /A1
(see Appendix A). However, contrary to acoustic waves, it is
not possible for longitudinal tube waves to give separate expressions for Φ, Θ, Ξ, and Ω because of the strong coupling of
the Rankine-Hugoniot relations introduced by the distensibility
/ A2 ). Intriguing examples of expressions attainable
(i.e., A1 =
include
Ms2 =

1
4 c2So Φ − Θ
2
γ − 1 cT o Φ + Θ 1 − Θ−2 Ω−2

(19)

and
Φ
Ξ =
Θ

(v1 2 − cA1 2 ) v2 = (v2 2 − cA2 2 ) v1 ,

(21)

2c1 2
2c2 2
= v2 2 +
,
γ−1
γ−1

(22)

v1 2 +

using Eqs. (11), (18) and (9), (16), respectively. The equations
to be linearized are (11), (21), (22), (17), (9), (5), (10), and (8),
which are the three Rankine-Hugoniot relations, the equation of
magnetic flux conservation, the definitions for cS , cA , and cT ,
and the ideal gas law. We thus have eight equations with eight
variables, which are ρm , pm , Tm , Bm , Am , cSm , cAm , and cT m .
These variables are the amplitudes of the different quantities at
the shock, e.g., ρm = (ρ2 − ρ1 )/2. As all amplitudes must be
positive, B1 and B2 as well as cA1 and cA2 need to be exchanged
in that definition.
For the velocity v1 we have with Eq. (15)
v1 = cT 1 (1 + α̂) .

v2 = v1 − cT 1

4
ξ α̂ .
γ+1

(24)

Here we replaced cS1 by cT 1 and α by α̂. The factor ξ ensures
that (24) is an exact equation even in case that the v2 − v1
relations for acoustic waves and longitudinal tube waves turn
out to be not completely equivalent. In Appendix B, the factor
ξ will be determined self-consistently, and it will be found that
ξ solely depends on plasma-β.
Noting that all quantities with subscript “o” refer to mean
values at the shocks, e.g., ρo = (ρ1 + ρ2 )/2, we obtain the
following set of linearized equations:
2
ρo Ao ξ α̂
γ+1

(25)

cAo cAm =

1
(c2 + c2T o ) ξ α̂
γ + 1 Ao

(26)

cSo cSm =

γ−1 2
c ξ α̂
γ + 1 To

(27)

(20)

Since we study the behavior of variables across shocks but not
the propagation of shocks, there is no necessity to distinguish between
acoustic waves and acoustic tube waves. The shock amplitude relations
are identical in both cases.

(23)

We also need to adopt a relationship between v1 and v2 . Technically, this would require an expansion for Ush , for which we
first would have to solve the set of linearized equations. Alternatively, we can use an Ansatz akin to the result for acoustic
waves Eq. (A10) (see Appendix A):

Ao ρm + ρo Am =

obtained from Eqs. (11) and (13) to (16). Note that Eq. (20) is a
direct consequence of the ideal gas law, which is used both for
longitudinal tube waves and acoustic waves (see Appendix A).
1

In Eq. (19) we assumed that cT o ' cT 1 with cT o as tube speed
of the mean atmosphere. Also, cSo is the adiabatic sound speed
of the mean atmosphere.
It is nevertheless possible to obtain separate expressions for
Φ, Θ, Ξ, and Ω and other quantities as function of Ms , if we
restrict ourself to the case of weak shocks. The reason is that in
this case the relevant equations can be linearized and decoupled.
For convenience we first write the Rankine-Hugoniot relations
(12) and (13) in different forms

Ao Bm − Bo Am = 0

(28)

c2So ρm + 2ρo cSo cSm − γpm = 0

(29)
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2πc2Ao ρm + Bo Bm − 4πρo cAo cAm = 0
(c2Ao − c2T o )cSo cSm − (c2So + c2Ao )cT o cT m −
(c2So − c2T o )cAo cAm = 0
<
<
To ρm − pm + ρo Tm = 0
µ
µ

(30)

(31)
(32)

Now we are able to express the shock amplitudes in terms
of α̂ by solving the system of Eqs. (25) to (32) via successive
elimination. Therefore, we introduce the normalized shock am0
0
, Bm
, A0m , c0Sm , c0Am , and c0T m given as
plitudes ρ0m , p0m , Tm
0
ρm = ρm /ρo and so on. We find the following results:
ρ0m =

cT o 2 
2 
1−
ξ α̂
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cAo 2
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2γ 
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ξ α̂
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0
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cT o 2 
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1−
ξ α̂
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0
=
Bm

2 cT o 2
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ξ α̂
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ξ α̂
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cT o 2 2
cT o 2 
1 cT o 2 
γ − 1
1−
1+
ξ α̂(40)
−
γ+1
cAo 2
γ + 1 cAo 2
cAo 2

Here we ensured that only cT o and cAo appear in the amplitude relations. The variables ρo , To , Ao , Bo , and cSo have
been eliminated using Eqs. (5), (8), (9), (10), and (17). In fact,
it is also possible to eliminate both cT o and cAo by introducing
plasma-β. With Eqs. (6), (9), (10) and (33) we obtain

1 −1
cT o 2
=
1
−
1
+
,
βγ
cAo 2
2

(41)

which shows that the shock amplitudes of the different quantities
in fact only depend on plasma-β and α̂.
A further variable of interest is the velocity amplitude um .
Here we assume that the mean velocity uo is zero yielding um =
u2 = −u1 . By introducing u0m = um /cT o we find
u0m =

2
ξ α̂
γ+1

(42)

with Eqs. (14), (15), (23), and (24). For acoustic waves, we find
u0m = 2α/(γ + 1) with u0m = um /cSo , which is equivalent
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to Eq. (42). With ρ0 = (ρ2 − ρ1 )/ρ1 and similar expressions
holding for p0 , T 0 , and A0 we also obtain
ρ0 = Θ − 1 = 2ρ0m ρo /ρ1

(43)

p0 = Φ − 1 = 2p0m po /p1

(44)

0
To /T1
T 0 = Ξ − 1 = 2Tm

(45)

A0 = Ω − 1 = 2A0m Ao /A1

(46)

Note that in Eqs. (43) to (46) terms like ρo /ρ1 can in fact be
omitted because ρo and ρ1 are identical in zeroth order and α̂
is of first order. Note again that we still have to determine ξ to
obtain complete solutions in Eqs. (33) to (40) and (42) to (46)
(see Appendix B).
Similar to the case of acoustic waves, we introduce the shock
parameter η̂ by
η̂ =

ρ2 − ρ1
= ρ0 .
ρ1

(47)

For acoustic waves, we find η = 4α/(γ + 1), whereas for longitudinal flux tube waves we obtain
1 −1
4 
1 + βγ
ξ α̂
(48)
η̂ =
γ+1
2
with Eqs. (33) and (41).
4. Comparison with numerical results
We now compare the results given by the analytic expansions for
weak shocks (see Eqs. 33–40 and 42) with results from numerical computations. Our aim is to check the validity of these analytic relations for weak shocks and shocks of moderate strength
and to find out at which values of α̂ the weak shock approximation becomes invalid. In addition, the results for longitudinal
tube waves are compared with those for acoustic waves. For
the magnetic flux tube computations we consider the two cases
pe : pi = 4 and 10 with pe and pi as external and internal
gas pressure, respectively. These pressure ratios correspond to
plasma-β values of 0.33 and 0.11 and to amplitude parameters ξ
of 1.24 and 1.08, respectively. In all calculations, the mean values of pressure, temperature, magnetic field strength and flux
tube area are can kept constant and are set to po = 1 dyn cm−2 ,
To = 5000 K, Bo = 1500 G, and Ao = 7.85·1013 cm2 , respectively. The tube area is that of a flux tube with radius 50 km.
The different panels of Fig. 1 show the relative shock amplitudes of the flow speed, density, pressure, temperature, tube
area, and Alfvén speed of our example. The analytic results for
weak shocks (Eqs. 42, 33–35, 37, and 39) are compared with numerical results given by solving the Rankine-Hugoniot relations
(Eqs. 11–14). The results for acoustic shocks are also included.
Note that in the acoustic case we have A0m = 0 and c0Am is
undefined (i.e., c0Am would formally be infinity). Fig. 1 includes
the two cases plasma-β = 0.33 and 0.11. The solid / dotted line
pair for plasma-β = 0.11 is that closest to the acoustic case (also
applicable to c0Am ) since the choice of a very high pe : pi ratio mimics the acoustic case. A detailed analysis shows that for
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Fig. 1. Panel showing the behavior of the relative shock amplitudes
for the flow speed, density, pressure, temperature, tube area, and
Alfvén speed given by u0m , ρ0m , p0m ,
0
Tm
, A0m , and c0Am , respectively, as
function of α̂. Here we show the
results from the analytic formulas
for weak shocks (dotted lines) together with numerical results for
the shocks (solid lines). Results are
given for plasma-β = 0.33 and 0.11
(for identification see text). Results
for acoustic shocks are given for
comparison (dashed lines).

very small values of α̂ the numerical and analytical results of
the various shock amplitudes are in perfect agreement, which is
strong evidence that the derived analytic weak shock formulas
are correct. For larger shock strengths (i.e., α̂ > 0.15) significant differences between the analytical and numerical results
occur, as expected. It is found that the increase of the relative
shock amplitudes from the numerical results is typically smaller
than the linear increase given by the analytic formulas, which
indicates that the second term in the amplitude expansions (i.e.,
the α̂2 term) would be negative.
Taking the shock computations discussed in Fig. 1, we can
also explore the relationship between α̂ and α (see Eqs. 15,
A5). Here α denotes the residual shock strength as given for
acoustic shocks. It is found that α and α̂ do not agree, as expected
(see Fig. 2). Also, for very small values of α̂, α is negative,
which is particularly evident for relative high values of plasmaβ. For high values of α̂, i.e. high shock strengths, it is found
that α approaches α̂. Notice that α and α̂ essentially agree for
very small values of plasma-β, even for small α̂, as in this case
the shocks of longitudinal tube waves are to be identified with
acoustic shocks.
5. Conclusions
We derived relations between the pressure, density, magnetic
field strength, velocity, and other quantities across shocks for
longitudinal tube waves. Furthermore, we calculated examples
of shocks with small and moderate strength allowing us to compare the analytical results with detailed calculations. We found
the following results:
1. Contrary to acoustic waves it is not possible to expand the
shock amplitude relations for different quantities as separate
expressions as function of Ms due to the extreme coupling

Fig. 2. Relationship between α and α̂ for the shock computations of
Fig. 1 with plasma-β = 0.33 and 0.11 (dotted lines). The case α = α̂
is given as reference (dashed line).

of the Rankine-Hugoniot relations through the distensibility
/ A2 ). In case of weak shocks, however, the shock
(i.e., A1 =
amplitude relations can be successfully decoupled and evaluated.
2. For consistency reasons, the definition of shock strength was
slightly changed compared to acoustic waves as it was found
that the shock speed Ush of very weak shocks approaches
the tube speed cT 1 rather than the adiabatic sound speed cS1 .
Consequently, α̂ was introduced as residual shock strength
rather than α.
3. A detailed analysis showed that the analytic expressions for
0
0
, Bm
,
the various shock amplitudes, i.e., u0m , ρ0m , p0m , Tm
0
0
0
0
Am , cSm , cAm , and cT m solely depend on plasma-β and α̂.
Most expressions show significant similarities with acoustic
shocks.
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4. The comparison between numerical and analytic results for
the relative shock amplitudes showed perfect agreement for
very weak shocks, but revealed significant discrepancies for
stronger shocks, as expected. The limit of applicability of
the analytic amplitude formulas is at Ms <
∼ 1.15.
5. Results were obtained for different values of plasma-β. It
was found that β → 0 closely resembles the limiting case
of acoustic waves. In this case, the flux tube is almost completely evacuated, and the ratio between external and internal gas pressure is most extreme.
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p0 = Φ − 1 = p1

4γ
α
γ+1

(A7)

T 0 = Ξ − 1 = T1

4(γ − 1)
α
γ+1

(A8)

A0 = Ω − 1 = 0 .

(A9)
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Note that Eqs. (A6) to (A9) can now directly be compared to
Eqs. (43) to (46) obtained for longitudinal tube waves and they
prove to be fully equivalent. Ideal equivalence is attained for
Eqs. (A6) to (A8), which differ only by a scaling factor from
their acoustic counterparts which solely depends on plasma-β.
Using the Rankine-Hugoniot relations for acoustic shocks,
we can also derive the relationship between v1 and v2 , i.e. the
gas velocities in the shock frame, as

Appendix A: shock amplitude relations for acoustic waves

v2 = v1 − cS1

For acoustic waves, the amplitude relations for the pressure,
density, temperature, and the cross section across the shocks
(e.g., Mihalas & Mihalas 1984; Landau & Lifshitz2 1987) are
given by

4
α
γ+1

(A10)

with cS1 as adiabatic sound speed in front of the shock. Following Eqs. (15) and (A5), we introduced two different versions of
the residual shock strength for acoustic waves and longitudinal
tube waves, given as α and α̂, respectively. For the relationship
between α and α̂ we find
cT 1
− 1
(A11)
α = (1 + α̂)
cS1

(γ + 1)Ms2
ρ2
= Θ =
ρ1
(γ − 1)Ms2 + 2

(A1)

2γMs2 − (γ − 1)
p2
= Φ =
p1
γ+1

(A2)

T2
Φ
= Ξ =
T1
Θ

(A3)

A2
= Ω = 1
A1

(A4)

Here c0Sm and c0T m are given by Eqs. (38) and (40), respectively,
and are calculated from α̂ and plasma-β also using Eq. (41) with
cT o and cSo being known. Note that for very small values of α̂,
α is found negative.

(A5)

Appendix B: derivation
of the shock amplitude parameter ξ

Here Ms denotes the shock strength given as
Ms =

Ush − u1
=1+α .
cS1

where Ush is the shock speed and u1 and cS1 is flow speed and
adiabatic sound speed in front of the shock, respectively, and
α is the residual shock strength of weak shocks. Note that this
definition deviates slightly from Eq. (15) because here we have
cS1 instead of cT 1 in the denominator. Eqs. (A1) to (A3) allow
to calculate the jumps in pressure, density, and temperature for
shocks of given strength Ms , whereas Eq. (A4) indicates the
absence of distensibility for acoustic tube waves, contrary to
longitudinal MHD flux tube waves (e.g., Herbold et al. 1985).
Although Eqs. (A1) to (A4) are valid for any value of Ms ,
those expressions can again be expanded for weak shocks, i.e.
α → 0 (e.g., Ulmschneider 1970; Gonczi et al. 1977). For early
results see also Brinkley & Kirkwood (1947). With ρ0 = (ρ2 −
ρ1 )/ρ1 and similar expressions for p0 , T 0 , and A0 , we find
4
α
ρ = Θ − 1 = ρ1
γ+1
0

(A6)

Note a typo in the expression for T2 /T1 in Fluid Mechanics by
Landau and Lifshitz (1st and 2nd edition)
2

with
cT o
cT 1
=
(1 + c0Sm − c0T m ) .
cS1
cSo

(A12)

To derive the shock amplitude parameter ξ we write the velocity
variable v12 in three different ways. Using Eq. (15) we have
v12 = c2T 1 (1 + 2α̂)

(B1)

and from the momentum and energy flux across shocks we obtain
v12 =
v12 =

2
c2A1 − c2A2 ρρ21 A
A1

1−

ρ1 A1
ρ2 A2

c22 − c21
2
γ − 1 1 − ρ212 A212
ρ A
2

,

(B2)

.

(B3)

2

In Eqs. (B2) and (B3) we eliminated v22 with Eq. (24) and also
took advantage of Eqs. (11), (16), and (18). We now expand
Eqs. (B1) to (B3) in terms of α̂ by using the shock amplitude
relations (33) and (37) to (40). In the process, all pre-shock
and post-shock variables (subscripts 1, 2) are eliminated and
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the respective mean variables (subscript o) are introduced. This
step yields a system of three linear equations of the form
v12 = Ai + Bi α̂ + Ci ξ α̂

(B4)

with i = 1, 2, 3 with the variables v12 , α̂, and ξ. The coefficients
Ai , Bi , Ci are given by
A1 =

c2T o

(B5)

B1 = 2c2T o
C1 =

−2c2T o

(B6)


cT o 2 2
γ − 1
1−
γ+1
cAo 2

1 cT o 2 
cT o 2 
−
1+
γ + 1 cAo 2
cAo 2

(B7)

A2 = c2T o

(B8)

B2 = 0

(B9)

C2 =

4
c2
γ + 1 To

(B10)

A3 = c2T o

(B11)

B3 = 0

(B12)

C3 =

4
c2 .
γ + 1 To

(B13)

Interestingly, it is found that Eqs. (B2) and (B3) render the
same linear equation. However, it is still possible to eliminate
both v12 and α̂ in order to find an expression for ξ. Hence, ξ
can be determined independently of α̂, which is a necessary
condition for the system of shock amplitude relations (33) to
(40) to be well-defined. For ξ we obtain

γ − 1
cT o 2 2
2
+
1−
ξ =
γ+1 γ+1
cAo 2
−1
cT o 2 
1 cT o 2 
1
+
−
,
(B14)
γ + 1 cAo 2
cAo 2
which can be simplified to
ξ =

(γ + 1)(1 + 12 βγ)2
1 + 32 βγ + γ

(B15)

with Eqs. (6), (9), and (10) by introducing plasma-β. For β →
0, we find ξ → 1 and furthermore cT → cS . This corresponds
to the case of a flux tube being almost completely evacuated.

In this case, the behavior of a longitudinal flux tube wave is
essentially that of an acoustic wave. For large values of β, we
find ξ → βγ(γ + 1)/6.
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